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Introduction to Fractional Calculus*
I. Special functions

Gamma function:
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Two-parameter generalization:

I. Petras, Fractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 2011.
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Two-parameter Mittag-Leffler:
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Convergence of Mittag-Leffler Function

Let  > 0. The Mittag-Leffler function ఈ where ఏ, 
, behaves as follows

ఈ
ఏ for if ఈగ

ଶ

2. ఈ
ఏ remains bounded for  if ఈగ

ଶ

3. ఈ
ఏ for if ఈగ

ଶ
,

Remark:

For classical   1, Mittag-Leffler is reduced to exp(z). As,
then (a) goes to zero as , (b) remains bounded
if (c) grows without bound if .
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Definition 1. Let  α ఈ defined by

ఈ ఈିଵ

௧



is called the Riemann-Liouville fractional integral operator of order α, 
where   is the identity operator.

`
Definition 2. Let  α , where , the 
operator ఈ defined for by

ఈ



ିఈ




ିఈିଵ

௧



is called the Riemann-Liouville fractional differential operator of order . 

Introduction to Fractional Calculus*

I. Petras, Fractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 2011.
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Definition 3. Assume that   ିఈ 

the Caputo fractional differential operator of order α is 
defined by

∗
ఈ ିఈ  ିఈିଵ 

௧



Introduction to Fractional Calculus

The Reimann-Liouville vs. Caputo fractional differential operator:

∗
ఈ ఈ

௩
ఈ ௩

ିଵ

௩ୀ

௩
ఈ

௩ିఈ

For the case then “correction term reads”

∗
ఈ ఈ


ఈ
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Fractional Initial Value Problem
The solution of linear initial value problem (IVP):

   
   1,...,1,0,,0

,1,0;*
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is given by
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where                   is the two-parameter function of Mittag-Leffler type. xE  ,

Proof: use Laplace transform, see Podlubny, Subsection 1.4

I. Podlubny, Fractional differential equations, Academic Press, San Diego, 1999
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Fractional Initial Value Problem
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• Suppose and Ө where , .

ఈ
Ө as if ఈగ

ଶ
,

ఈ
Ө remains bounded as

if ఈగ

ଶ
,

3. ఈ
Ө ∞ as if ఈగ

ଶ 8/2/2016



Fractional (system) Initial Value Problem
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3/11/2016

Theorem 1*. Consider the following autonomous
nonlinear fractional-order system

∗
ఈ



The equilibrium points of the above system are
solutions to the equation An equilibrium is
locally asymptotically if all eigenvalues 𝜆 of the

Jacobian matrix డ⃗

డ௨⃗
at the equilibrium satisfy


ఈగ

ଶ
.

Autonomous Nonlinear Fractional System

𝛼𝜋

2

*D. Matignon, Stability results for fractional differential equations with application to control processing,
in: Appl. Computational Eng. Sys. 2, France, 1996, pp. 963-968

I. Petras, Fractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 2011.8/2/2016



Ecology

Prey Predator

Additional 
Food

Refuge
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Mathematical Model (1)

The growth rate depends instantly on the current state ! 

How to include the previous history (memory effects)?

Fractional-order derivative

Ghosh et al (2017)*:

*Ghosh, J., B. Sahoo, and S. Poria. 2017, Prey-predator dynamics with prey refuge providing 
additional food to predator, Chaos, Solitons and Fractals, 96: 110–119. 8/2/2016



∗
ఈ

∗
ఈ

Mathematical Model (2)
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Lemma 1. [1]
Let and ∗

ఈ . Then the following 
statements hold:
1. If ∗

ఈ then is a non-decreasing function for 
all 

2. If ∗
ఈ then is a non-increasing function for 

all 

Theorem 2.
All solution of model (2) with initial condition are 
non-negative.

Proof:
We will prove that for all . Suppose this is not 
true, then there is a constant ଵ such that for ଵ; 

ଵ ; and ଵ
ା . Substituting ଵ into model (2) gives

∗
ఈ

ଵ
௫ ௧భ ୀ

Since ∗
ఈ

ଵ Lemma 1 says that ଵ
ା which contradicts 

with ଵ
ା . Hence for all . Similar argument can be 

used to prove that for all . 

Non-negativity of solution
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Lemma 3.[2]
Let be a continuous function on  and satisfying 

∗
ఈ

 

where ଶand and  is the initial time. 

Then 
ఓ

ఒ ఈ 
ఈ ఓ

ఒ
.

Theorem 4.
Solution of model (2) with initial condition is 
uniformly bounded.

Boundedness of solution

Proof:

First define 
ଵ

ఉ
and such that 

∗
ఈ ଵ

ఊ
ଶ ଵିఙ(௫)

ఙ(௫)

ଵ

ఊ

ఊ ଵାఉకିఋ

ଶ

ଶ ఊ ଵାఉకିఋ మ

ସ

ఊ ଵାఉకି మ

ସ
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ଶ

ఈ
ఈ

ଶ

Using Lemma 3, we have 

For 
ఊ ଵାఉకି మ

ସ(ఉకିఋ)
. 

Boundedness of solution

Hence, all solutions which start from ା ା are 
confined to the region 

ଵ

ఉ

ఊ ଵାఉకି మ

ସ ఉకିఋ
.
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Lemma 5. [3]
Consider a fractional-order differential system

∗
ఈ

with initial condition and , 
ଶ ଶ. If satisfies the Lipschitz condition w.r.t , then 

there exists a unique solution of the above system on .

Theorema 6.
Consider model (2) with initial condition and 

, ெ
ଶ where ெ ା

ଶ

for sufficiently large This IVP has a unique solution.

Proof:
Consider ଵ ଶ with

ଵ

ᇱ

ଶ

For any ெ, we can show that 

ᇱ

Existence and Uniqueness of solution
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Equilibrium Point and Stability

∗
ఈ

∗
ఈ

1. Extinction point 

2. Predator extinction point: ଵ

3. Coexistence point: ∗
∗ ∗ where ∗ ఋା(ఋఏିఉ)క

ఉ ଵିᇲ ିఋ
and  

∗ ௫∗

ఊ

ଵାఏకା ∗

(ଵିᇲ)
. ∗ exists if ∗ and ᇱ

ఉక

ଵାఏక
.
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Local Stability

Jacobian matrix at equilibrium ∗ ∗

Theorem 8.
1. Equilibrium point  is unstable

2. Equilibrium point ଵ is asymptotically stable if 
ఉ ଵିᇲ ఊାక

ଵାఏకା
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At ∗ ∗ ∗ , the Jacobian matrix has a characteristics equation
ଶ

ଵ ଶ

ଵ
௫∗

ఊ

ఊି௫∗

ଵାఏకା ∗ , ଶ
ఉ(ଵିᇲ) ଵିᇲ ଵାఏక ିక ∗௬∗

(ଵାఏకା ∗)య

Theorem 9.
Equilibrium ∗ is asymptotically stable if one of the following mutually
exclusive conditions holds:
(i) ଵ ; ଶ and
(ii) and ଵ

ఈగ

ଶ

Proof.
(i) If ଵ ; ଶ and then ଵ,ଶ , hence ଵ,ଶ

ఈగ

ଶ

and the result follows.
(ii) Suppose . If  is an eigenvalue, then is also an eigenvalue. 

Using ଵ
ఈగ

ଶ
, we have that 

ఒିఒഥ

ఒାఒഥ
୍୫(ఒ)

ୖୣ(ఒ)

ଵ
ఈగ

ଶ
. Therefore the stability of ∗ follows. 8/2/2016



Lemma 10. [4]
Let ା be continuous and derivable function. Then, for any 

 and 

∗
ఈ ∗ ∗

∗

∗

∗
ఈ ∗

ା

Lemma 11. Generalized Lasalle Invariance Principle [5]
Suppose is a bounded closed set and every solution of 

∗
ఈ

starts from a point and remains in for all time. If with 
continuous first partial derivatives satisfies

∗
ఈ

∗
ഀ௫ ௧ ୀ(௫)

Let ∗
ఈ

∗
ഀ௫ ௧ ୀ ௫ and be the largest invariant set of . 

Then every solution originating in tends to as .

Global Stability
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Proof:

1. Define a Lyapunov function 
௫

ఊ

௬

ఉ
, then

𝐷∗
ఈ𝑈 𝑥, 𝑡 ≤

𝑥 − 𝛾

𝑥
𝐷∗

ఈ𝑥 𝑡 +
1

𝛽
𝐷∗

ఈ𝑦 𝑡 = −
1

𝛾
(𝑥 − 𝛾)ଶ+

1 − 𝑐ᇱ 𝛾 + 𝜉

1 + 𝜃𝜉 + 𝑥
−

𝛿

𝛽
𝑦

If  
ఉ[ ଵିᇲ ఊାక]

ଵାఏకା௫
then ∗

ఈ for all ା
ଶ . Furthermore 

∗
ఈ implies that and . Hence, the only invariant

set on which ∗
ఈ is singleton ଵ .

Lasalle Invariance Principle ଵ is globally stable

Theorem 12.

ଵ is globally asymptotically stable if 
ఉ[ ଵିᇲ ఊାక]

ଵାఏకା
.
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Theorem 13.
∗ is globally asymptotically stable in the region

௬

௬∗

௫

௫∗

Proof:
1. Define a Lyapunov function 

∗ ∗
∗

∗ ∗
∗

then

𝐷∗
ఈ𝑉 𝑥, 𝑡 ≤

𝑥 − 𝑥∗

𝑥
𝐷∗

ఈ𝑥 𝑡 +
1

𝛽

𝑦 − 𝑦∗

𝑦
𝐷∗

ఈ𝑦 𝑡

= −
1

𝛾
𝑥 − 𝑥∗ ଶ −

𝜉 𝑥 − 𝑥∗ 𝑦 − 𝑦∗

1 + 𝜃𝜉 + 𝑥 1 + 𝜃𝜉 + 𝑥∗
−

(1 − 𝑐ᇱ) 𝑥 − 𝑥∗ 𝑥∗𝑦 − 𝑥𝑦∗

1 + 𝜃𝜉 + 𝑥 1 + 𝜃𝜉 + 𝑥∗

For any we have ∗
ఈ . Furthermore 

∗
ఈ implies that ∗and ∗. 

Hence, singleton ∗ is the only invariant set on which ∗
ఈ .

∗ is globally asymptotically stable 8/2/2016



𝑑𝑢

𝑑𝑡
= 𝑢ᇱ 𝑡 = lim

→

𝑢 𝑡 − 𝑢 𝑡 − ℎ

ℎ
 

𝑑ଶ𝑢

𝑑𝑡ଶ
= 𝑢ᇱᇱ(𝑡) = lim

→

𝑢ᇱ ௧ − 𝑢ᇱ ௧ି

ℎ
 

         = lim
→

1

ℎ

𝑢 𝑡 − 𝑢 𝑡 − ℎ

ℎ
−

𝑢 𝑡 − ℎ − 𝑢 𝑡 − 2ℎ

ℎ
 

          = lim
→

𝑢 𝑡 − 2𝑢 𝑡 − ℎ + 𝑢(𝑡 − 2ℎ)

ℎଶ𝑑ଷ𝑢

𝑑𝑡ଷ
= 𝑢′′′(𝑡)

= lim
→

𝑢 𝑡 − 3𝑢 𝑡 − ℎ + 3𝑢 𝑡 − 2ℎ − 𝑢 𝑡 − 3ℎ

ℎଷ

𝑑𝑢

𝑑𝑡
= 𝑢(𝑡) = lim

→

1

ℎ  −1 
𝑛
𝑗 𝑢 𝑡 − 𝑗ℎ ,



ୀ

𝑛
𝑗 =

𝑛 𝑛 − 1 𝑛 − 2 … (𝑛 − 𝑗 + 1)

𝑗!
=

𝑛!

𝑗! 𝑛 − 𝑗 !
 ାଵ

 ାଵ)(ିାଵ

Integer-Order Derivative
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ାଵ ାଵ

ఈ
ାଵ

→ ఈ 
ఈ

ାଵ

ఈ 
ఈ

ାଵ ఈ ାଵ 
ఈ

ାଵ

ୀଵ

ାଵି


ఈ ିଵ ିଵ


ఈ

ିଵ
ఈ

ଵ
ఈ

ାଵ
ఈ


ఈ

ଵ
ఈ

Grünwald-Letnikov Approximation*

ఈ

ఈஶ

ୀଵ
;

*R. Scherer, S.L. Kalla, Y. Tang, J. Huang, The Grünwald-Letnikov method for fractional differential 
equations, Comput. Math. Appl. 62, 2011, pp. 902-917
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∗
ఈ

ఈ 
ఈ


ఈ

 
ఈ

ିఈ

Grünwald-Letnikov Approximation*

*R. Scherer, S.L. Kalla, Y. Tang, J. Huang, The Grünwald-Letnikov method for fractional differential 
equations, Comput. Math. Appl. 62, 2011, pp. 902-917
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Beberapa Skema Eksak

8/2/2016



Definisi

Suatu metode numerik untuk suatu persamaan
diferensial disebut skema eksak apalabila
persamaan diferensial dan persamaan beda
(skema) tersebut mempunyai penyelesaian
umum yang sama pada waktu diskret t = tn.

Skema Eksak
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Nonstandard Finite Difference Method

Nonstandard Finite Difference (NSFD) Method*
A numerical scheme for an initial value problem 



is called a NSFD method if at least one of the following conditions is satisfied [4,5]:
(i) LHS  the generalization of forward difference scheme

 ାଵ 

The nonnegative denominator function has to satisfy ଶ , .
(ii) The approximation of f is nonlocal.

*R. Mickens, Nonstandard finite difference models of differential equations, World Scientific, 1994.

8/2/2016



NonStandard Grünwald-Letnikov (NSGL) Approximation

ାଵ 
ఈ

ାଵି ାଵ
ఈ



ାଵ

ୀଵ

ఈ


ାଵ ାଵ 
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ାଵି ାଵ
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ାଵ

ୀଵ

ఈ ାଵ 
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ାଵ
ାଵ
ఈ


ఈ

 
ఈ

ାଵି
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ୀଵ

ఈ  
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ఈ
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Concluding Remarks

1.Fractional-order model for predator-prey model has
been discussed: non-negativity, boundedness,
existence and uniqueness of solution have been
presented.

2.Model has three equilibria: extinction point, predator
extinction, coexistence point. Extinction point is
unstable and others are conditionally stable.
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Two-parameter generalization:

I. Petras, Fractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 2011.

exp 𝑥 =  
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Convergence of Mittag-Leffler Function

Let  > 0. The Mittag-Leffler function 𝐸ఈ 𝑧 , where 𝑧 = 𝑟𝑒ఏ, 
𝑟 = 𝜆 ,  𝜃 = arg 𝑧 , behaves as follows

1. 𝐸ఈ(𝑟𝑒ఏ) → 0 for 𝑟 → ∞ if 𝜃 >
ఈగ

ଶ
,

2. 𝐸ఈ(𝑟𝑒ఏ) remains bounded for  𝑟 → ∞ if 𝜃 =
ఈగ

ଶ
,

3. 𝐸ఈ(𝑟𝑒ఏ) → ∞ for 𝑟 → ∞ if 𝜃 <
ఈగ

ଶ
,

Remark:

For classical   1, Mittag-Leffler is reduced to exp(z). As, 𝑧 → ∞
then exp(z) (a) goes to zero as | arg 𝑧 | > 𝜋/2, (b) remains bounded
if | arg 𝑧 | = 𝜋/2, (c) grows without bound if |arg 𝑧 | < 𝜋/2.

2/28/2018

Re(z)
Re(z)

Im(z)Im(z)
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𝐸ఈ 𝑧𝐸ଵ 𝑧 =exp(z) 2/28/2018

Definition 1. Let  α ∈ 0, ∞ , the operator 𝐽ఈ defined by

𝐽ఈ 𝑢 𝑡 =
1

Γ(𝛼)
න 𝑡 − 𝜏 ఈିଵ𝑢 𝜏 𝑑𝜏

௧



,  ( 𝑡 ∈  0, 𝑎 )

is called the Riemann-Liouville fractional integral operator of order α, 
where  𝐽 = 𝐼𝑑 is the identity operator.

              
`
Definition 2. Let  α ∈ 0, ∞  and 𝑚 = 𝛼 , where 𝑡 ≔ min{𝑘 ∈ ℤ: 𝑘 ≥ 𝛼}, the 
operator 𝐷ఈ defined for 𝑢 by

𝐷ఈ 𝑢 𝑡 ≔
𝑑

𝑑𝑡 𝐽ିఈ𝑢 𝑡 =
1

Γ(𝑚 − 𝛼)

𝑑

𝑑𝑡 න 𝑡 − 𝜏 ିఈିଵ𝑢 𝜏 𝑑𝜏

௧



,

is called the Riemann-Liouville fractional differential operator of order 𝜶. 

Introduction to Fractional Calculus*

I. Petras, Fractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 2011.

2/28/2018
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Definition 3. Assume that   α ≥  0 and 𝑢  is such that 𝐽ିఈ𝑢   exists,

where  𝑚 = 𝛼 . the Caputo fractional differential operator of order α is 
defined by

𝐷∗
ఈ𝑢 𝑡 : = 𝐽ିఈ𝑢  𝑡 =

1

Γ(𝑚 − 𝛼)
න 𝑡 − 𝜏 ିఈିଵ𝑢  𝜏 𝑑𝜏

௧



Introduction to Fractional Calculus

The Reimann-Liouville vs. Caputo fractional differential operator:

𝐷∗
ఈ𝑢 𝑡 = 𝐷ఈ 𝑢 𝑡 −  𝑟௩

ఈ(𝑡)𝑢 ௩ 0

ିଵ

௩ୀ

;  𝑟௩
ఈ 𝑡 =

𝑡௩ିఈ

Γ(𝑣 + 1 − 𝛼)

For the case 𝑚 = 1 or 0 < 𝛼 < 1, then “correction term reads”

𝐷∗
ఈ𝑢 𝑡 = 𝐷ఈ 𝑢 𝑡 − 𝑟

ఈ 𝑡 𝑦
2/28/2018
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Fractional Initial Value Problem
The solution of linear initial value problem (IVP):

   
   1,...,1,0,,0

,1,0;*





mkRbbu
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is given by

   





1

0
1,

m

k
k

k
k tEtbtu 

 

where                   is the two-parameter function of Mittag-Leffler type. xE  ,

Proof: use Laplace transform, see Podlubny, Subsection 1.4

I. Podlubny, Fractional differential equations, Academic Press, San Diego, 1999
2/28/2018

Fractional Initial Value Problem
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• Suppose 𝛼 > 0 and 𝜆 = 𝑟𝑒Ө where 𝑟 = 𝜆 ,Ө = 𝑎𝑟𝑔 𝜆 .

1. 𝐸ఈ 𝑟𝑒Ө → 0 as 𝑟 → ∞ if 𝑎𝑟𝑔 𝜆 = Ө >
ఈగ

ଶ
,

2. 𝐸ఈ 𝑟𝑒Ө remains bounded as 𝑟 → ∞

if 𝑎𝑟𝑔 𝜆 = Ө =
ఈగ

ଶ
,

3. 𝐸ఈ 𝑟𝑒Ө → ∞ as 𝑟 → ∞ if 𝑎𝑟𝑔 𝜆 = Ө <
ఈగ

ଶ 2/28/2018
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Fractional (system) Initial Value Problem

1

1










BCBA

BCAB

CABB

𝐷∗
ఈ𝑢 𝑡 = 𝐴𝑢 𝑡 , t > 0, 0 < α, 𝑢 ∈ ℝ, 𝐴×

𝑢 0 = 𝑏, 𝑏 ∈ ℝ

𝐷∗
ఈ𝑢 𝑡 = 𝐴𝑢 𝑡 = 𝐵𝐶𝐵ିଵ 𝑢 𝑡

𝐷∗
ఈ(𝐵ିଵ𝑢 𝑡) = 𝐶 𝐵ିଵ𝑢 𝑡

𝐷∗
ఈ(�⃗� 𝑡) = 𝐶 �⃗� 𝑡 ; �⃗� 𝑡 = 𝐵ିଵ𝑢 𝑡

2/28/2018

3/11/2016

Theorem 1*. Consider the following autonomous
nonlinear fractional-order system

𝐷∗
ఈ𝑢 = 𝑓 𝑢 ;   𝑢 0 = 𝑢;   0 < 𝛼 < 1.

The equilibrium points of the above system are
solutions to the equation 𝑓 𝑢 = 0. An equilibrium is
locally asymptotically if all eigenvalues 𝜆 of the

Jacobian matrix 𝐽 =
డ⃗

డ௨⃗
at the equilibrium satisfy

arg (𝜆) >
ఈగ

ଶ
.

Autonomous Nonlinear Fractional System

𝛼𝜋

2

*D. Matignon, Stability results for fractional differential equations with application to control processing,
in: Appl. Computational Eng. Sys. 2, France, 1996, pp. 963-968

I. Petras, Fractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 2011.2/28/2018

Ecology

Prey Predator

Additional 
Food

Refuge

2/28/2018

Mathematical Model (1)

The growth rate depends instantly on the current state ! 

How to include the previous history (memory effects)?

Fractional-order derivative

Ghosh et al (2017)*:

*Ghosh, J., B. Sahoo, and S. Poria. 2017, Prey-predator dynamics with prey refuge providing 
additional food to predator, Chaos, Solitons and Fractals, 96: 110–119.

𝑑𝑥

𝑑𝑡
= 𝑥 1 −

𝑥

𝛾
−

1 − 𝑐′ 𝑥𝑦

1 + 𝜃𝜉 + 𝑥
𝑑𝑦

𝑑𝑡
=

𝛽 1 − 𝑐′ 𝑥 + 𝜉 𝑦

1 + 𝜃𝜉 + 𝑥
− 𝛿𝑦

2/28/2018

𝐷∗
ఈ𝑥 = 𝑥 1 −

𝑥

𝛾
−

1 − 𝑐′ 𝑥𝑦

1 + 𝜃𝜉 + 𝑥

𝐷∗
ఈ𝑦 =

𝛽 1 − 𝑐′ 𝑥 + 𝜉 𝑦

1 + 𝜃𝜉 + 𝑥
− 𝛿𝑦

Mathematical Model (2)

2/28/2018

Lemma 1. [1]
Let 0 < 𝛼 ≤ 1, 𝑢 𝑡 ∈ 𝐶 𝑎, 𝑏 and 𝐷∗

ఈ 𝑢(𝑡) ∈ 𝐶 𝑎, 𝑏 . Then the following 
statements hold:
1. If 𝐷∗

ఈ𝑢 𝑡 ≥ 0, ∀𝑡 ∈ 𝑎, 𝑏 , then 𝑢 𝑡 is a non-decreasing function for 
all 𝑡 ∈ 𝑎, 𝑏

2. If 𝐷∗
ఈ𝑢 𝑡 ≤ 0, ∀𝑡 ∈ 𝑎, 𝑏 , then 𝑢 𝑡 is a non-increasing function for 

all 𝑡 ∈ 𝑎, 𝑏

Theorem 2.
All solution of model (2) with initial condition 𝑥 0 ≥ 0, 𝑦(0) ≥ 0 are 
non-negative.

Proof:
We will prove that 𝑥 𝑡 ≥ 0, 𝑦(𝑡) ≥ 0 for all 𝑡 ≥ 0. Suppose this is not 
true, then there is a constant 𝑡ଵ > 0 such that 𝑥 𝑡 > 0 for 0 ≤ 𝑡 < 𝑡ଵ; 
𝑥 𝑡ଵ = 0 ; and 𝑥 𝑡ଵ

ା < 0 . Substituting 𝑥 𝑡ଵ = 0 into model (2) gives

𝐷∗
ఈ𝑥 𝑡ଵ ቚ

௫ ௧భ ୀ
= 0.

Since 𝐷∗
ఈ𝑥 𝑡ଵ = 0, Lemma 1 says that 𝑥 𝑡ଵ

ା = 0 which contradicts 
with 𝑥 𝑡ଵ

ା < 0 . Hence 𝑥 𝑡 ≥ 0 for all 𝑡 ≥ 0. Similar argument can be 
used to prove that 𝑦 𝑡 ≥ 0 for all 𝑡 ≥ 0. 

Non-negativity of solution

2/28/2018
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Lemma 3.[2]
Let 𝑢(𝑡) be a continuous function on 𝑡, +∞  and satisfying 

𝐷∗
ఈ𝑢 𝑡 ≤ −𝜆𝑢 𝑡 + 𝜇;  𝑢 𝑡 = 𝑢

where 0 < 𝛼 < 1, 𝜆, 𝜇 ∈ ℝଶand 𝜆 ≠ 0, and 𝑡 ≥ 0 is the initial time. 

Then 𝑢 𝑡 ≤ 𝑢 −
ఓ

ఒ
𝐸ఈ −𝜆 𝑡 − 𝑡

ఈ +
ఓ

ఒ
.

Theorem 4.
Solution of model (2) with initial condition 𝑥 0 ≥ 0, 𝑦(0) ≥ 0 is 
uniformly bounded.

Boundedness of solution

Proof:

First define 𝑤 𝑡 = 𝑥 𝑡 +
ଵ

ఉ
𝑦 𝑡 and 𝜎 𝑥 = 1 + 𝜃𝜉 + 𝑥 such that 

𝐷∗
ఈ𝑤 𝑡 + 𝛽𝜉 − 𝛿 𝑤 𝑡 = 𝑥 −

ଵ

ఊ
𝑥ଶ + 𝛽𝜉 − 𝛿 𝑥 +

ଵିఙ(௫)

ఙ(௫)
𝜉𝑦

                                 ≤ −
ଵ

ఊ
𝑥 −

ఊ ଵାఉకିఋ

ଶ

ଶ
+

ఊ ଵାఉకି మ

ସ

        ≤
ఊ ଵାఉకିఋ మ

ସ
2/28/2018

𝑤 𝑡 ≤ 𝑤 0 −
𝛾 1 + 𝛽𝜉 − 𝛿 ଶ

4 𝛽𝜉 − 𝛿
𝐸ఈ − 𝛽𝜉 − 𝛿 𝑡ఈ

+
𝛾 1 + 𝛽𝜉 − 𝛿 ଶ

4(𝛽𝜉 − 𝛿)

Using Lemma 3, we have 

For 𝑡 → ∞, we have 𝑤 𝑡 →
ఊ ଵାఉకିఋ మ

ସ(ఉకିఋ)
. 

Boundedness of solution

Hence, all solutions which start from Ω = 𝑥, 𝑦 ∈ ℝା × ℝା are 
confined to the region 

Γ = 𝑥, 𝑦 ∈ Ω|𝑥 +
ଵ

ఉ
𝑦 ≤

ఊ ଵାఉకିఋ మ

ସ ఉకିఋ
+ 𝜖, 𝜖 > 0 .

2/28/2018

Lemma 5. [3]
Consider a fractional-order differential system

𝐷∗
ఈ𝑢 𝑡 = 𝑓 𝑡, 𝑢 𝑡 , 𝑡 > 0

with initial condition 𝑥 0 ≥ 0, 𝑦(0) ≥ 0 and 0 < 𝛼 < 1, 𝑓: 0, ∞ ×
Ψ → ℝଶ, Ψ ⊆ ℝଶ. If 𝑢 𝑡 satisfies the Lipschitz condition w.r.t 𝑢, then 
there exists a unique solution of the above system on ∶ 0, ∞ × Ψ .

Theorema 6.
Consider model (2) with initial condition 𝑥 0 ≥ 0, 𝑦(0) ≥ 0 and 0 <
𝛼 < 1, 𝑓: 0, ∞ × Ωெ → ℝଶ, where Ωெ = { 𝑥, 𝑦 ∈ ℝା

ଶ |𝑚𝑎𝑥 𝑥 , |𝑦| ≤
𝑀} for sufficiently large 𝑀. This IVP has a unique solution.

Proof:
Consider 𝐻 𝑋 = 𝐻ଵ 𝑋 , 𝐻ଶ 𝑋 with

𝐻ଵ 𝑋 = 𝑥 1 −
𝑥

𝛾
−

1 − 𝑐ᇱ 𝑥𝑦

1 + 𝜃𝜉 + 𝑥
; 𝐻ଶ(𝑋) =

𝛽 1 − 𝑐′ 𝑥 + 𝜉 𝑦

1 + 𝜃𝜉 + 𝑥
− 𝛿𝑦

For any , 𝑋 = 𝑥, 𝑦 , 𝑋ത = �̅�, 𝑦ത , 𝑋, 𝑋ത ∈ Ωெ, we can show that 

𝐻 𝑋 − 𝐻(𝑋ത) ≤ 𝐿 𝑋 − 𝑋ത , 𝐿 ≡ 𝐿(𝛾, 𝑐ᇱ, 𝜃, 𝛽, 𝑀)

Existence and Uniqueness of solution

2/28/2018

Equilibrium Point and Stability

𝐷∗
ఈ𝑥 𝑡 = 𝐷∗

ఈ𝑦 𝑡 = 0

1. Extinction point:  𝐸 = 0,0
2. Predator extinction point: 𝐸ଵ = 𝛾, 0

3. Coexistence point: 𝐸∗ = 𝑥∗, 𝑦∗ where 𝑥∗ =
ఋା(ఋఏିఉ)క

ఉ ଵିᇲ ିఋ
and  

𝑦∗ = 1 −
௫∗

ఊ

ଵାఏకା௫∗

(ଵିᇲ)
. 𝐸∗ exists if 𝑥∗ < 𝛾 and 𝛽 1 − 𝑐ᇱ <

𝛿 <
ఉక

ଵାఏక
.

2/28/2018

Local Stability

Jacobian matrix at equilibrium (𝑥∗, 𝑦∗)

Theorem 8.
1. Equilibrium point 𝐸 is unstable

2. Equilibrium point 𝐸ଵ is asymptotically stable if 
ఉ ଵିᇲ ఊାక

ଵାఏకାఊ
< 𝛿

2/28/2018

At 𝐸∗ = 𝑥∗, 𝑦∗ , the Jacobian matrix has a characteristics equation
𝜆ଶ − 𝑎ଵ𝜆 + 𝑎ଶ = 0, 

𝑎ଵ =
௫∗

ఊ

ఊି௫∗

ଵାఏకା௫∗ − 1 , 𝑎ଶ =
ఉ(ଵିᇲ) ଵିᇲ ଵାఏక ିక ௫∗௬∗

(ଵାఏకା௫∗)య

Theorem 9.
Equilibrium 𝐸∗ is asymptotically stable if one of the following mutually
exclusive conditions holds:
(i) 𝑎ଵ < 0; 𝑎ଶ > 0 and 𝐷 ≥ 0

(ii) 𝐷 < 0 and 𝐷/𝑎ଵ > tan (
ఈగ

ଶ
)

Proof.
(i) If 𝑎ଵ < 0; 𝑎ଶ > 0 and 𝐷 ≥ 0 then 𝜆ଵ,ଶ < 0, hence arg 𝜆ଵ,ଶ = 𝜋 >

ఈగ

ଶ

and the result follows.
(ii) Suppose 𝐷 < 0. If  is an eigenvalue, then �̅� is also an eigenvalue. 

Using 𝐷/𝑎ଵ > tan (
ఈగ

ଶ
), we have that 

ఒିఒഥ

ఒାఒഥ
=

୍୫(ఒ)

ୖୣ(ఒ)
= arg(𝜆) =

𝐷/𝑎ଵ > tan (
ఈగ

ଶ
). Therefore the stability of 𝐸∗ follows. ⧠ 2/28/2018
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Lemma 10. [4]
Let 𝑥(𝑡) ∈ ℝା be continuous and derivable function. Then, for any 𝑡 >
𝑡 and 𝛼 ∈ 0,1 :

𝐷∗
ఈ 𝑥 𝑡 − 𝑥∗ − 𝑥∗ ln

𝑥(𝑡)

𝑥∗
≤ 1 −

𝑥∗

𝑥 𝑡
𝐷∗

ఈ𝑥 𝑡 , 𝑥∗ ∈ ℝା

Lemma 11. Generalized Lasalle Invariance Principle [5]
Suppose 𝐷 is a bounded closed set and every solution of 

𝐷∗
ఈ𝑥 𝑡 = 𝑓(𝑥)

starts from a point and remains in 𝐷 for all time. If ∃𝑉 𝑥 : 𝐷 → ℝ with 
continuous first partial derivatives satisfies

𝐷∗
ఈ𝑉|∗

ഀ௫ ௧ ୀ(௫) ≤ 0.

Let 𝐸 = 𝑥|𝐷∗
ఈ𝑉|∗

ഀ௫ ௧ ୀ ௫ = 0 and 𝑀 be the largest invariant set of 𝐸. 
Then every solution 𝑥 𝑡 originating in 𝐷 tends to 𝑀 as 𝑡 → ∞.

Global Stability

2/28/2018

Proof:

1. Define a Lyapunov function 𝑈 𝑥, 𝑦 = 𝑥 − 𝛾 − 𝛾 ln
௫

ఊ
+

௬

ఉ
, then

𝐷∗
ఈ𝑈 𝑥, 𝑡 ≤

𝑥 − 𝛾

𝑥
𝐷∗

ఈ𝑥 𝑡 +
1

𝛽
𝐷∗

ఈ𝑦 𝑡 = −
1

𝛾
(𝑥 − 𝛾)ଶ+

1 − 𝑐ᇱ 𝛾 + 𝜉

1 + 𝜃𝜉 + 𝑥
−

𝛿

𝛽
𝑦

If  
ఉ[ ଵିᇲ ఊାక]

ଵାఏకା௫
≤ 𝛿 then 𝐷∗

ఈ𝑈 𝑥, 𝑡 ≤ 0 for all 𝑥, 𝑡 ∈ ℝା
ଶ . Furthermore 

𝐷∗
ఈ 𝑈 𝑥, 𝑡 = 0 implies that 𝑥 = 𝛾 and 𝑦 = 0. Hence, the only invariant

set on which 𝐷∗
ఈ𝑈 𝑥, 𝑡 = 0 is singleton 𝐸ଵ .

Lasalle Invariance Principle 𝐸ଵ is globally stable

Theorem 12.

𝐸ଵ is globally asymptotically stable if 
ఉ[ ଵିᇲ ఊାక]

ଵାఏకା௫
≤ 𝛿.

2/28/2018

Theorem 13.

𝐸∗ is globally asymptotically stable in the region Ω = 𝑥, 𝑦 :
௬

௬∗ >
௫

௫∗ > 1 .

Proof:
1. Define a Lyapunov function 

𝑉 𝑥, 𝑦 = 𝑥 − 𝑥∗ − 𝑥∗ ln
𝑥

𝑥∗
+

1

𝛽
𝑦 − 𝑦∗ − 𝑦∗ ln

𝑦

𝑦∗

then

𝐷∗
ఈ𝑉 𝑥, 𝑡 ≤

𝑥 − 𝑥∗

𝑥
𝐷∗

ఈ𝑥 𝑡 +
1

𝛽

𝑦 − 𝑦∗

𝑦
𝐷∗

ఈ𝑦 𝑡

= −
1

𝛾
𝑥 − 𝑥∗ ଶ −

𝜉 𝑥 − 𝑥∗ 𝑦 − 𝑦∗

1 + 𝜃𝜉 + 𝑥 1 + 𝜃𝜉 + 𝑥∗
−

(1 − 𝑐ᇱ) 𝑥 − 𝑥∗ 𝑥∗𝑦 − 𝑥𝑦∗

1 + 𝜃𝜉 + 𝑥 1 + 𝜃𝜉 + 𝑥∗

For any 𝑥, 𝑦 ∈ Ω we have 𝐷∗
ఈ 𝑉 𝑥, 𝑡 ≤ 0. Furthermore 

𝐷∗
ఈ 𝑉 𝑥, 𝑡 = 0 implies that 𝑥 = 𝑥∗and 𝑦 = 𝑦∗. 

Hence, singleton 𝐸∗ is the only invariant set on which 𝐷∗
ఈ𝑈 𝑥, 𝑡 = 0.

𝐸∗ is globally asymptotically stable 2/28/2018

𝑑𝑢

𝑑𝑡
= 𝑢ᇱ 𝑡 = lim

→

𝑢 𝑡 − 𝑢 𝑡 − ℎ

ℎ
 

𝑑ଶ𝑢

𝑑𝑡ଶ
= 𝑢ᇱᇱ(𝑡) = lim

→

𝑢ᇱ ௧ − 𝑢ᇱ ௧ି

ℎ
 

         = lim
→

1

ℎ

𝑢 𝑡 − 𝑢 𝑡 − ℎ

ℎ
−

𝑢 𝑡 − ℎ − 𝑢 𝑡 − 2ℎ

ℎ
 

          = lim
→

𝑢 𝑡 − 2𝑢 𝑡 − ℎ + 𝑢(𝑡 − 2ℎ)

ℎଶ𝑑ଷ𝑢

𝑑𝑡ଷ
= 𝑢′′′(𝑡)

= lim
→

𝑢 𝑡 − 3𝑢 𝑡 − ℎ + 3𝑢 𝑡 − 2ℎ − 𝑢 𝑡 − 3ℎ

ℎଷ

𝑑𝑢

𝑑𝑡
= 𝑢(𝑡) = lim

→

1

ℎ
 −1 

𝑛
𝑗 𝑢 𝑡 − 𝑗ℎ ,



ୀ

𝑛
𝑗 =

𝑛 𝑛 − 1 𝑛 − 2 … (𝑛 − 𝑗 + 1)

𝑗!
=

𝑛!

𝑗! 𝑛 − 𝑗 !

= 
 ାଵ

 ାଵ)(ିାଵ

Integer-Order Derivative

2/28/2018

Using the notation of finite difference of an equidistant grid in [0, 𝑡ାଵ],𝑡ାଵ ∈ R, 
Grünwald-Letnikov defines

𝐷ఈ 𝑢 𝑡ାଵ = lim
→

1

ℎఈ ∆
ఈ𝑢 𝑡ାଵ .

1

ℎఈ ∆
ఈ𝑢 𝑡ାଵ =

1

ℎఈ 𝑢 𝑡ାଵ −  𝑐
ఈ

ାଵ

ୀଵ

𝑢 𝑡ାଵି

𝑐
ఈ = (−1)ିଵ

𝛼
𝑗 = (−1)ିଵ

Γ 𝛼 + 1

Γ 𝑗 + 1)Γ(𝛼 − 𝑗 + 1

𝑐
ఈ = 1 −

𝛼 + 1

𝑗
𝑐ିଵ

ఈ ,    𝑐ଵ
ఈ = 𝛼

0 < 𝑐ାଵ
ఈ < 𝑐

ఈ < ⋯ < 𝑐ଵ
ఈ = 𝛼

Grünwald-Letnikov Approximation*

(1 − 𝑧)ఈ= 1 − ∑ 𝑐
ఈஶ

ୀଵ 𝑧;

*R. Scherer, S.L. Kalla, Y. Tang, J. Huang, The Grünwald-Letnikov method for fractional differential 
equations, Comput. Math. Appl. 62, 2011, pp. 902-917
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Hence

𝐷∗
ఈ𝑢 𝑡 ≈

1

ℎఈ ∆
ఈ𝑢 𝑡 − 𝑟

ఈ 𝑡 𝑦;  𝑟
ఈ 𝑡 =

𝑡ିఈ

Γ 1 − 𝛼
; 0 < 𝛼 < 1

Grünwald-Letnikov Approximation*

*R. Scherer, S.L. Kalla, Y. Tang, J. Huang, The Grünwald-Letnikov method for fractional differential 
equations, Comput. Math. Appl. 62, 2011, pp. 902-917
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Beberapa Skema Eksak

2/28/2018

Definisi

Suatu metode numerik untuk suatu persamaan
diferensial disebut skema eksak apalabila
persamaan diferensial dan persamaan beda
(skema) tersebut mempunyai penyelesaian
umum yang sama pada waktu diskret t = tn.

Skema Eksak

2/28/2018

Nonstandard Finite Difference Method

Nonstandard Finite Difference (NSFD) Method*
A numerical scheme for an initial value problem 

𝑑𝑢

𝑑𝑡
= 𝑓 𝑡, 𝑢 ; 𝑢 0 =  𝑢

is called a NSFD method if at least one of the following conditions is satisfied [4,5]:
(i) LHS  the generalization of forward difference scheme

𝑑𝑢

𝑑𝑡
≈

𝑢ାଵ − 𝑢

𝜓(ℎ)
The nonnegative denominator function has to satisfy 𝜓 ℎ = ℎ + 𝒪(ℎଶ), ℎ = ∆𝑡.

(ii) The approximation of f(𝑡, 𝑢) is nonlocal.

*R. Mickens, Nonstandard finite difference models of differential equations, World Scientific, 1994.
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NonStandard Grünwald-Letnikov (NSGL) Approximation

𝑥ାଵ =  𝑐
ఈ𝑥ାଵି + 𝑟ାଵ

ఈ 𝑥

ାଵ

ୀଵ
+ 𝑠ఈ 𝑥 1 −

𝑥ାଵ

𝛾
−

1 − 𝑐′ 𝑥ାଵ𝑦

1 + 𝜃𝜉 + 𝑥

𝑦ାଵ =  𝑐
ఈ𝑦ାଵି + 𝑟ାଵ

ఈ 𝑦

ାଵ

ୀଵ
+ 𝑠ఈ

𝛽 1 − 𝑐′ 𝑥ାଵ + 𝜉 𝑦

1 + 𝜃𝜉 + 𝑥
− 𝛿𝑦ାଵ 

𝑥ାଵ =
𝑟ାଵ

ఈ 𝑥 + 𝑠ఈ𝑥 + ∑ 𝑐
ఈ𝑥ାଵି

ାଵ
ୀଵ

1 + 𝑠ఈ 𝑥
𝛾

+
1 − 𝑐′ 𝑦

1 + 𝜃𝜉 + 𝑥

𝑦ାଵ =
𝑟ାଵ

ఈ 𝑦 + 𝑠ఈ 𝛽 1 − 𝑐′ 𝑥ାଵ + 𝜉 𝑦
1 + 𝜃𝜉 + 𝑥

 + ∑ 𝑐
ఈ𝑦ାଵି

ାଵ
ୀଵ

1 + 𝛿𝑠ఈ
2/28/2018
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Concluding Remarks

1.Fractional-order model for predator-prey model has
been discussed: non-negativity, boundedness,
existence and uniqueness of solution have been
presented.

2.Model has three equilibria: extinction point, predator
extinction, coexistence point. Extinction point is
unstable and others are conditionally stable.
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