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Intfroduction to Fractional Calculus®
l. Special functions

Gamma function:

=1 Mittag-Leffler
F(l) =1 2) =1 : T @ function:
F(x+l)= x[(x) ©
Fn):(n—l line N () g (CZ]-i—l) CZ>O,C¥€R,XEC

Two-parameter generalization:

2" o0

Ea,ﬁ(x):

x/

> —;a,pB>0,a,feR, xeC
izoT(aj+ B)

8/2/2016

I. Petras, Fractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 2011.



Two-parameter Mittag-Leffler:

4 [ ]
— =1, =1
3 a=2, p=1

—o=2, B=1 /
2

a
N

'-?30 25 20 -15 -10 -5 0 5

8/2/2016



Convergence of Mittag-Leffler Function

Let &> 0. The Mittag-Leffler function E,(z), where z = re'?,
r =|A|, 6 = arg(z), behaves as follows

1. E,(re'®) » 0 forr —» o if |0] > %,
. Eq(re'®) remains bounded for r - w if [§] = =,

aT

3.E,(re) » oo forr —» wif |0] < —

Remark:

For classical a = 1, Mittag-Leffler is reduced to exp(z). As, |z] = o«
then exp(2) (a) goes to zero as |arg(z) | > /2, (b) remains bounded
if |arg(z)| = m/2, (C) grows without bound if |arg(z) | < m/2.
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Introduction to Fractional Calculus*

Definition 1. Let a € (O 00) the operator /% defined by

J%u(t) = J(t — 1) tu(r)dr, (t € [0,a])

[(a)

is called the Riemann- L|0UV|IIe fractional integral operator of order a,
where J° = Id is the identity operator.

Definition 2. Let a € (0,©) and m = [a], where [t] := min{k € Z: k = a}, the
operator D¢ defined for u by

m

(04 S d m-« —
D U(t) d_m] U(t) F(m—a) dtmb[(t

is called the Riemann-Liouville fractional differential operator of order «.

— )My (v)dr,

ractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 2011.



Introduction to Fractional Calculus

Definition 3. Assume that a > 0and u is such that /™ %u(™ exists,
where m = [«a]. the Caputo fractional differential operator of order a is
defined by

D&u(t): = J™ *um(t) =

F(ml— 2 J(t — )m-a-1y, (M) (1) d7
0

e Reimann-Liouville vs. Caputo fractional differential operator:

m-—1 V-«
D&u(t) = D%u(t) — z ROu0); 1H0) = prma s
v=0

Forthecasem =1or0 < a < 1, then “correction term reads”

8/2/2016

D¥u(t) = D%u(t) — r§ )y,




De f(t) D," f(t) D.* f(t)
f(t) = const 0 0 0
Example:
¢ ! 1-a —— apg +1/2
a:O,a=1/2(m=1),u(t):t flt) =t ! 1107742 | 1.1284¢
1y 1 /== |'|j:s2 ot 13203653 | 1.5045 /2
t = | o dt :
1_‘(1/2)()(1‘ —2') f(t)=1t* ;r” o 1.4954 %3 1.8054 t5/2
I'{4 — m)
1 ; 1 1 24 I—o = 11/3 i vy 472
' J‘ — d(l‘ _ 2') f(t) =t TR 1.6314¢ 2.0633 ¢
g ()(t—Z') 120
f(t)=1t* g 1.7479¢142 | 2.2026¢%/2
1 0 1 ) I'6 — o)
N . I T f(t) =t/ VT e g9553008 0.8862
T \/; u - 2I'(3/2 — a) G e
. 3T
t — B N (o 3/ 2—ox IR ol 2909
3 1 \Ifza'u_z\/; f(t) =t _1[-{,.—”:?_“]" 1.2282 ¢ 1.3292¢
NTT 0 VT f(t) = € " By peast(t) | 23 By snal(t) | tV/YED ()
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Dgt = —tl_a, O < a < 1 .
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Fractional Initial Value Problem

The solution of linear initial value problem (IVP):

D*au(t)zﬁ,u(t); t>0,m—-1<a<m,

W9N0)=b,, b € R, k=0,1,...,m 1

is given by

m—1

u(t)= bktkEa k_,_l(ﬂ/l‘a)
k=0 ’

where Ea,ﬂ(X) is the two-parameter function of Mittag-Leffler type.

Proof: use Laplace fransform, see Podlubny, Subsection 1.4

8/2/2016

I. Podlubny, Fractional differential equations, Academic Press, San Diego, 1999



Fractional Initial Value Problem

u(t)=byE, (/lt“ )= boE, (/lt“ )

D&u(t)=Au(t), t>0,0<a<], ‘ ( )]
PR Vi

u(0)=by, by € R _ b,
ioT(ak+1)

« Suppose a > 0 and A = re'® where r = |1],6 = arg(1).
1. Ey(re®) > 0asr - wif arg(l) = 16] > az—n
2. E,(re'®) remains bounded as r - o

if arg(1) = 16| = az—n

3. Ey(re®) » wasr - wif arg(d) = |6] < az—n
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Fractional (system) Initial Value Problem

DZu(t) = Au(t),t > 0,0 < a,u € R™, A, «n,
%(0) = by, by € R"

BAB=C  pag(t) = Awi(t) = (BCB~V)i(t)
AB=BC DE(B~Yi(t)) = C(B~u(t))
A=BCB™  DE@®) = C(v()); v(t) = B~Hu(t)



Autonomous Nonlinear Fractional System

Theorem 1*. Consider the following autonomous
nonlinear fractional-order system

DG = f(@); U(0) =1y 0<a<l.

A / The equilibrium points of the above system are
- solutions to the equation f(i) = 0. An equilibrium is
Y locally asymptotically if all eigenvalues 4, of the
e Jacobian matrix ]=% at the equilibrium satisfy
stable region unstable region |arg(ﬁ,])| > %.
\

*D. Matignon, Stability results for fractional differential equations with application to control processing,
in: Appl. Computational Eng. Sys. 2, France, 1996, pp. 963-968
|. Petras, Fractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 2007291
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Mathematical Model (1)

Ghosh etal (2017)": dx < x) (1—-cHxy

ac \" YY) 1+ei+x
dy _plO-x+ély
dt 1+ 6% +x Y

The growth rate depends instantly on the current state !

How to include the previous history (memory effects)?

2
Fractional-order derivative

*Ghosh, J., B. Sahoo, and S. Poria. 2017, Prey-predator dynamics with prey refuge providing
additional food to predator, Chaos, Solitons and Fractals, 96: 110-119. Rk



Mathematical Model (2)

X (1-cHxy

Défx=x(1—-]—
( y) 1+6¢+x

. BlA=c)x+¢ly
by = 1+ 08 +x ~ 0y




I Lemma 1. [1] Non-negativity of solution

Let 0 < a < 1,u(t) € Cla, b] and D&u(t) € C[a, b]. Then the following

statements hold:

1. If D&u(t) = 0,Vt € (a, b), then u(t) is a non-decreasing function for
all t € [a, b]

2. fD%u(t) <0,vt € (a,b), then u(t) is a non-increasing function for
all t € [a, b]

Theorem 2.

I solution of model (2) with initial condition x(0) > 0,y(0) = 0 are
non-negative.

Proof:
We will prove that x(t) = 0,y(t) = 0 for all t = 0. Suppose this is not
true, then there is a constant t; > 0 such that x(t) > 0for 0 <t < t;;
x(t;) = 0; and x(t;) < 0. Substituting x(t;) = 0 into model (2) gives

D&x(t,) = 0.

x(t1)=0

Since D%x(t;) = 0, Lemma 1 says that x(¢;") = 0 which contradicts
with x(t{) < 0. Hence x(t) = 0 for all t = 0. Similar argument can be
used to prove that y(t) = 0 for all t = 0.

8/2/2016



Boundedness of solution

Lemma 3.[2]

Let u(t) be a continuous function on [t,, +) and satisfying
DIu(t) < —Au(t) + u; ulty) = ug

where 0 < a < 1,(4, u) € R?and 1 # 0, and t, > 0 is the initial time.

Then u(t) < (uo — &) Eal—A(t — )] +5.

Theorem 4.
lution of model (2) with initial condition x(0) > 0,y(0) = 0 is
uniformly bounded.

Proof:
First define w(t) = x(t) + %y(t) and o(x) =1+ 6¢ + x such that

DEW(E) + (B — SW(®) = x — 127 + (B¢ — O)x + (S22 gy

o(x)
—85)\ 2 _ 2
S P € €
|4 2 4
_ )2
S Y(1+ﬁ€ ) 8/2/2016
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Boundedness of solution

Using Lemma 3, we have

y(1 + B — 6)° .
1(3% = 5) )Ea[—(ﬁ€—5)t]

+y(1 + B¢ — 6)*
4(B¢ — 6)

y(1+BE— )2
4(pE-6)

Hence, all solutions which start from Q = {(x,y) € R, X R} are
confined to the region

[ = {(x,y) = Q|x+%ys

w(t) < (W(O) —

For t —» oo, we have w(t) —

y(1+BE— )2
4(p¢-9)

+€,€e> O}.

8/2/2016



I Lemma 5. [3] Existence and Uniqueness of solution
Consider a fractional-order differential system
D&u(t) = f(t,u(t)),t >0
with initial condition x(0) > 0,y(0) > 0and 0 < a < 1, f:(0,00) X
¥ - R?, ¥ c R?. If u(t) satisfies the Lipschitz condition w.r.t u, then
there exists a unique solution of the above system on : (0,0) X W .

Theorema 6.

Consider model (2) with initial condition x(0) = 0,y(0) = 0 and 0 <
<1, f:(0,0) x Q, - R? where Oy = {(x,y) € R:|max{|x|, |y|} <
M3} for sufficiently large M. This IVP has a unique solution.

Proof:
Consider H(X) = (Hy(X), H;(X)) with

B x\ (1—cHxy _ Bl =cDx+¢&ly
Hl(X)_x(l_?>_1+0€+x’HZ(X)_ 1+6¢ +x oy

Forany,X = (x,y),X = (x,5),X,X € Q,, we can show that

8/2/2016
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Equilibrium Point and Stability

. 1_5)_ (1-c)y
y 1+ 06+ x

D¥x(t) =Dy(t) =0 mm)

1. Extinction point: E, = (0,0)
2. Predator extinction point: E; = (y,0)
5+(80—-P)¢

3. Coexistence point: E, = (x*,y*) where x* = 3(1—c)s and
49 X (1+68+ T : _ Y,
A — ( y)( e ).E* exists if x* <yand f(1 —¢') <

BS

0 < 1+60¢&°

8/2/2016



Local Stability

Jacobian matrix at equilibrium (x*, y*)

1 — 2z _ (A=c)A+88)y" )

J@* ) = 7 (1+6€+a*)2 1+6¢+a*
’ By* [(1—c') (1+0€)—¢] plo—enve
i (1+0&+x*)? 1+0&+a* 1

Theorem 8.
1. Equilibrium point E,, is unstable

Bla=cre] _

2. Equilibrium point E; is asymptotically stable i TToEr

8/2/2016



I At E* = (x*,y*), the Jacobian matrix has a characteristics equation
A — all + a, = O

B 1) - g

)\1,2 = 5 (0,1 m \/E) 5 ) = ((1,1)2 — 40,2.

Theorem 9.
Equilibrium E* is asymptotically stable if one of the following mutually

exclusive conditions holds:

(i)a; <0;,a,>0and D =0

(i) D < 0 and |\/_/a1| > tan( )

Proof.

(i) If a; <0;a,>0and D >0 then 1,, <0, hence arg(1,,) =m > “2—”
and the result follows.

(i) Suppose D < 0. If A is an eigenvalue, then 1 is also an eigenvalue.
: A-1 Im (A
Using |vVD/a,| > tan(%5), we have that |m = R“e‘m = |arg(D)| =

[VD/ay| > tan(="). Therefore the stability of E* follows. O wrar0ns




I Global Stability

Lemma 10. [4]
Let x(t) € R, be continuous and derivable function. Then, for any t >

to and a € (0,1):
x(t) X" - )
por ] < (1 — x(t)) D&x(t),x* € R,

D% |x(t) —x* —x"1n

Lemma 11. Generalized Lasalle Invariance Principle [5]
Suppose D is a bounded closed set and every solution of

DIx(t) = f(x)
starts from a point and remains in D for all time. If 3V (x): D — R with
continuous first partial derivatives satisfies

DEVIpaxt)=r(x) = 0.

Let E = {x|DV|paxw)=fx) = 0} and M be the largest invariant set of E.
Then every solution x(t) originating in D tendsto M as t — o,

8/2/2016




Theorem 12.
’)V+€]
1+60&+

E, is globally asymptotically stable if AI(1- <94.

Proof:
1. Define a Lyapunov function U(x, y) = (x —y - yln% + %) then

1 1—¢' )
DXU(x,t) < TyD“x(t) +-=DZy(t) = ——(x — )%+ (1 +CH?;_-;€ _,[_3 y

B
If ﬁ[(ll gf)::f 5 then DZU(x,t) < 0 for all (x,t) € R%. Furthermore

D&U(x,t) = 0 implies that x = y and y = 0. Hence, the only invariant
set on which DZU(x, t) = 0 is singleton {E, }.

Lasalle Invariance Principle ==) E, is globally stable

8/2/2016




Theorem 13.
E* is globally asymptotically stable in the region Q) = {(x, y):% > xi > 1}.

Proof:
1. Define a Lyapunov function

V(xy)—(x—x — X lni) %(y y' —y lnyl)

then

*

D(XV B a 1 (y_y ) a

SV (x,t) < DZIx(t) + 3 DIy(t)
_ (e — x7)2 §k—xDy-y)  A=-cDHEx-x)Ey—xy")
B A+0E+x)1+608+x*) (1+6&+x)(1+060E+x*)

For any (x,y) € Q we have DZV(x,t) < 0. Furthermore
DV (x,t) = 0 impliesthatx = x"and y = y".
Hence, singleton {E*} is the only invariant set on which DU (x,t) = 0.

| > E* is globally asymptotically stable 8/2/2016




Integer-Order Derivative

2 1(t) _ 4,7(t—h)
du o (u®)—u(t-h) d—Z —u"(0) = lim (u “ )
ik (t) = lim . dt h~0 h
_ 1 u(t)—u(t—h)_u(t—h)—u(t—Zh)
~ hooh h h
B u(t) — 2u(t — h) + u(t — 2h)
(izgll 1444 - ’l}}% }lz
FEARAS
u(t) — 3u(t —h) + 3u(t — 2h) — u(t — 3h)
= lim
h—-0 h3
du in N . nn nn—-1)n-2).(n—j+1) n!
= u (t)—}ll_r)%hnZ( 7 (j)ute=im,  (7)= - -
J=t r'(n+1)

~ FrG+1)I'(n—j+1)

8/2/2016
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Grunwald-Letnikov Approximation*

Griinwald-Letnikov defines

1
D*u(tnsq) = ’lli_l)% ha Apu(tniq) -

n+1

1 1
ﬁA%u(trwl) = na u(tne1) — z Cja u(tn+1—j)
j=1

['(a+1)
G+ Dl(a—j+1)

a+1
a a a
. ci=11-— Ci- ., C{=«
1-2)*=1-%32,cfz/; ( j)“ ;
0<ciy 1 <ci<-<cf=a

o = (-1))1(}) = (-1

equations, Comput. Math. Appl. 62, 2011, pp. 902-917

*R. Scherer, S.L. Kalla, Y. Tang, J. Huang, The Griinwald-Letnikov method for fractional differential

Using the notation of finite difference of an equidistant grid in [0, t,,41].t,+1 € R

8/2/2016



Grunwald-Letnikov Approximation*

-

I'1l—a)

1
DZu(t) ~ FA%u(t) — 155 () yg; 15E(t) = 0<a<1

*R. Scherer, S.L. Kalla, Y. Tang, J. Huang, The Griinwald-Letnikov method for fractional differential S

equations, Comput. Math. Appl. 62, 2011, pp. 902-917



Persamaan Eksponensial:
Skema Eksak

rule);, u(0)=ug; r#0 u(t) = ug exp(rt)

(1) =1ty )= g explr(t, +h))—ug exp(r(z, )

= u(t, Jexp(rh)-1)

V.S. Skema Eule

S

Fungsi Penyebut/
Denominator

8/2/2016



Persamaan Logistik: Skema
Eksak

ru(e\1—u(t)); u(0)=ug; r>0  ult)= g exp(rt)

1 +ug (exp(rt)— 1)

U exp(rt,,1) _ U exp(rt, )exp(rh)
1+ ug(exp(rt,,1)—1) 1+ ug(exp(rt)exp(rh)-1)
A U exp(rtn )exp(rh)
1+ug(exp(rt, )= 1)+ uy exp(rt, Nexp(rh)—1)
explr Uo exp(ﬁn)
A h{Huo(exp(rfn)—l)] ulty Jexp(rh)

1[ g explr, ) )(exp(rh)—l):1+u(rn>(exp<rh>—1)

1+ug (exp(rtn )— 1)




Persamaan Logistik: Skema Eksak

y (t 1 ) _ u(tn )exp(rh)
U= 0, Yexplrh)—1)
(t01) = 1ty Jexplrh) — (e, Wl Jexp(r)+ ulty (i) et

(t41) (e, )= (explr) = Lulz, X1~ ue(t,1))

u(t, o )—ult,) V.S. Skema Eul

‘ (eip(?h)—l) :m(tn)(l_”(tml)) —

V.S. Modifikasi

r
\\ \ Fungsi Penyebut/  ><ema Euler

Denominator



Beberapa Skema Eksak

d s : Yk41—Yk - 7

&=\ e B0 — W

d- e — Yhe+1—2Yk+ Yk e

-c‘&_g—’_wy_ﬂ %15111(‘52“}14_*9":_0

ay __ .. 2 ] Y — .

=My — Ay m = MUYk — A2Wk+1k

dy | , 1 2(yk 4 1—Y) Vi - 1

Qd—? = v {lizl_m; 2 i (yg.+}1+yk) - (yk+£+yk)

d’y _ \dy Ukt1—2u k1 __ (y:.-—ya-_1)

F - et (fh‘j‘;—l)&f - At
k41 " k- ak

Uy + ty = u(l — u) "’;‘_«.,_lff" - u’:;j'l“ = u:‘n (1= fﬁfl) for At = Az
k1 13 s 3.

y” Yex = 0 ym+ 2-I:"'m + y:_n ym+l S ‘Zym B ym 1

dig—l—QE +y=0 U (w, &f)—ﬂ_ﬁirc‘mms(wl—f)&f (e, At)

EE

= J;;Sill(\fl—f )Ai‘.

HL+J—2.UJ.+3J'L i ‘ Ye— VY1 21—y +H{P+2 Dy
Ut e (bl ) 4 - =0

&+ Pao1(t) i = A(1—¢) | Toai i = AOK(@) (1 - O (a)) ,

! ( ehit l);’)\
Poal) =Yg ati | 3 —a— [Pu((k+ DAY = Pu(kAY), Pu(t) = i Paa(r)ir
de c 2] x)—C%(F"* i g fs
f:t + Ph1 ( ')Fj = Ac (E.Jn[m}_l];‘f). : = \C* (‘rl]-
S—; + Ri_l(t)‘% = i+ Ac g (*EEE:?];: b =+ ACk(3).

8/2/2016



Skema Eksak

Definisi

Suatu metode numerik untuk suatu persamaan
diferensial disebut skema eksak apalabila
persamaan diferensial dan persamaan beda
(skema) tersebut mempunyai penyelesaian
umum yang sama pada waktu diskret r =1,

8/2/2016



Nonstandard Finite Difference Method

Nonstandard Finite Difference (NSFD) Method*
A numerical scheme for an initial value problem

du L B
¢ = fEw;u(0) = Uy
is called a NSFD method if at least one of the following conditions is satisfied [4,5]:
(i) S =» the generalization of forward difference scheme
dﬁn . ﬁn+1 T ﬁn
dt ~ Y

The nonnegative denominator function has to satisfy Y(h) = h + O(h?), h = At.
(i) The approximation of f(t,u) is nonlocal.

*R. Mickens, Nonstandard finite difference models of differential equations, World Scientific, 1994.

8/2/2016



NonStandard Grunwald-Letnikov (NSGL) Approximation

m+1 ' X (1 —cNxpmery
m+1 m+1.m
Xm+1 = ijl Cjaxm+1—j + Tme1Xo + 5% [Xm (1 — Y ) T T x 0% + x..,

mH LI — cDxpmyy + €1y
Ym+1 = zj:l Cf)’m+1—j + 1Yo + 8¢ _ 1+ 9§m+ X =

/

a a m+1l «a
Tm+1Xo T S" Xy + Zj:l G Xm+1-j

Xm (1_C,)ym]
1+Sa[ 116z +x,

_ 6ym+1 ]

Xm+1 =

a o [BLA = Dxmiq + Elym
Tm+1Yo ¥ S [ 15 6%+ % ]

ym+1= 1+8S“

m+1 .«
+Zj=1 C] y‘m+1—j

8/2/2016



Prey Population
—h i:h A

Predator Population
=
n

=

5000 G000 7000 800D 9000 10000
Time {t)

1000 2000 3000 4000

Figure 1: Numerical solution of system (2) with v = 2.6, =
0.6,0 = 0.6, = 0.2, 3 = 0.21, § = 0.08 and o = {0.6,0.7,0.8,0.9}:

(a) Prey population z(t), (b) Predator population y(t).
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=B = M o

0 500 1000 1500 2000 2500 3000

Time (1)

Figure 2: Numerical solution of system (2) with v = 4,¢ =
0.16,0 = 0.6, = 0.2,8 = 0.15, § = 0.08 and (a) @ = 0.88, (b)
a = 0.91.
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0 1000 2004 3000 4004 5000 G000 7000 BO04 000 10000

Time= it}
2 7 T 7 | T |

E b) . : : !

E 15} : =1

E

E

505

1 0 1 | 1 | 1 ] 1 | 1

i} 1000 2000 3000 4000 5000 GO0 F000 BOM Q000 10000

Time (1)

Figure 3: Numerical solution of system (2) with v = 1.5,¢ =
0.22,0 = 0.6,6 = 0.1, = 0.21, § = 0.08 and @ = {0.6,0.7,0.8,0.9}:
(a) Prey population x(t) and (b) Predator population y(t).
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I Concluding Remarks

1.Fractional-order model for predator-prey model has
been discussed: non-negativity, @ boundedness,
existence and uniqueness of solution have been
resented.

.Model has three equilibria: extinction point, predator
extinction, coexistence point. Extinction point is
unstable and others are conditionally stable.

8/2/2016
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Convergence of Mittag-Leffler Function

Leta>0.The Mittag-Leffler function E,(z), where z = re?,
r =], 6 = arg(z), behaves as follows

Model Predator-Prey
Orde Fractional

1. Eq(ret®) » 0 forr - o if |6] > az—",
- Eq(re™®) remains bounded for r - w0 if |6] = =%,
3. Eq(re?) » oo forr » wif |6] < az—"

AGUS SURYANTO
Department of Mathematics, Brawijaya University

JI. Veteran Malang 65145 INDONESIA
suryanto@ub.ac.id

Remark:

For classical a = 1, Mittag-Leffler is reduced to exp(z). As, |z| >
then exp(2) (a) goes fo zero as | arg(z) | > n/2, (b) remains bounded
if |arg(z)| = 7/2, (c) grows without bound if |arg(z) | < m/2.

Infroduction to Fractional Calculus*
1. Special functions

Gamma function:

CRPRC I
exp(x) = = =
r(x):?txflefldt ;]z ;r(] +1)
0

=1 Mittag-Leffler
F(l):F(Z):l N ] ‘ function:
F(x+1):xF(x) o
l"(n):(n—l)!;neN Ea(x):jzol_(ug_+1),a>0,aeR,xeC

r(1/2)=z
Jz

Two-parameter generalization:
C(n+1/2)=""(2n-1);ne N 7 ¢
> .

n
g X

J
N Z’o T(aj + )

Ea’ﬂ(x) sa,f>0,a,feR, xeC

E,(z)=exp(2) Eq(2)

Introduction to Fractional Calculus*
Two-parameter Mittag-Leffler: )
Definition 1. Let « € (0, ), the operator J* defined by
Eaai)=Eolo) e
[] Eya()=expls) Ju) = s [ €D tu@ar, (e Da)
3 w2 0
I/ szl(x2)= > L is called the Riemann-Liouville fractional integral operator of order «,
,:01"(21+1) where J° = Id is the identity operator.
= w (2
x = = cosh(x
~ PeT :
W w2 Definition 2. Let a € (0,) and m = [a], where [t] := min{k € Z:k = a}, the
4 = — Ez,z(x2)= R == operator D% defined for u by
N % Fr/+2) m L
. d 1 d
1 1 § X/ sinh(x) D¥u(t) = dt—m]m’“u(t) = mdt_"’f(t — )M y(r)dr,
X jZo (2j+1)‘ x )
30 25 20 -5 . 10 is called the Riemann-Liouville fractional differential operator of order a
it It i is.and Simulation, Springer, 2011
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Intfroduction to Fractional Calculus

Definition 3. Assume that « > 0and u is such that /™ %u(™) exists,
where m = [a]. the Caputo fractional differential operator of order a is
defined by

3
DEu(t): = J™ “um(t) = —F(ml— a)f(t — p)m-e= 1y M) (r)dr
0

e Reimann-Liouville vs. Caputo fractional differential operator:
m—1
tv—a

DEu(e) = D u(®) — ). iE(OuV(); 1 (6) = O

v=0
For the case m = 1 or 0 < « < 1, then “correction term reads”

Dfu(t) = Du(t) — 15 (Oyo

Def(t) D sy D f(ty
E | £(t) = const ] 0 0
xample:
! a )77 2/ 1/2
a:(),azl/z(mzl)’u(t):t i) =t = Li077eR | 11284
2 o 0g1 (8 5045 £V
s 1 j‘ 1 A =2 i 1320307 | 15045272
== [
r(l/z)o(t—‘r)llz fity==0 ﬁr‘ - 1.4954 {573 1.8054 92
i 1 4 »
== — 1) =t e 1631403 | 2063317/
g [
fit)y=6 120 5 1747943 | 2.2026 1%
1 01 2 T(6-a) i
i j e n=va |_VT_p 0.95531'/¢ 0.8862
(O o= B2 -a) *2 =
1 \?Zd 2«/; £(t) =62 %/‘” 1208267 | 132021
S ="
7o Vr fO=¢ | O Eand) | 2P Byate) | (TE )

Fractional Initial Value Problem

The solution of linear initial value problem (IVP):
DEult)=Aule) t>0,m—1<a<m,
u®)0)=8;, by R, k=01,.sm—1
is given by

m—1 P a

ult)="X bt* Ey (ﬂl )

k=0

where Eaﬁ(X) is the two-parameter function of Mittag-Leffler type.

Proof: use Laplace transform, see Podlubny, Subsection 1.4

I. Podlubny, Fractional differential equations, Academic Press, San Diego, 1999

Fractional Initial Value Problem

1)=boE, 1% )= E, (22
DEU(O)=Tule) 1>0,0<a <), g “)=bo a’l(.) 20

u(0)=by, by < R by 3 M

« Suppose @ > 0 and 1 = re'® where r = |1,6 = arg().
b7A Ea(reie) - 0asr - wifarg(d) =|6] > ?,
2. Eq(re™®) remains bounded as r — o

if arg(d) = l6] = %,

3. Ey(re®) »wasr > wifarg(d) = 6] < "’2—"
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Fractional (system) Initial Value Problem

D&U(t) = Au(t),t > 0,0 < o, U € R, Ay,
ﬁ(O) = Eo, EO € R"

BTlAB=C  pyi(r) = Au(t) = (BCB~V(t)
AB=BC DE(B~YU(t)) = C(B~1u(D))
A=BcB™  DEB()) = C(B()); ¥(t) = B~1(t)

Mathematical Model (1)

Ghosh etal (2017): dx (1 x) 1 -=c)xy

ax y) 1+65+x
dy _BIA-cNx+8ly
dt = 1+6&+x

The growth rate depends instantly on the current state !
How to include the previous history (memory effects)?

L 4
Fractional-order derivative

*Ghosh, J., B. Sahoo, and S. Poria. 2017, Prey-predator dynamics with prey refuge providing
additional food to predator, Chaos, Solitons and Fractals, 96: 110-119.

Autonomous Nonlinear Fractional System

Theorem 1*. Consider the following autonomous
nonlinear fractional-order system
D& = f(@); #(0) =1y 0<a<1.

Im

The equilibrium points of the above system are
an solutions to the equation f(@) = 0. An equilibrium is
7 locally asymptotically if all eigenvalues 4, of the
Re Jacobian matrix ]=:—§ at the equilibrium satisfy
s N am
stable region unstable region |arg(lj)| > >
*D. Matignon, Stability results for fractional dif i i with ication to control p

in: Appl. Computational Eng. Sys. 2, France, 1996, pp. 963-968
I. Petras, Fractional-order nonlinear systems: Modeling, Analysis and Simulation, Springer, 20114¢

Mathematical Model (2)

Daxzx(l_z) A=y
’ y

T1+6E+x
w. _ BlA=Cx+&ly
Dry="Ter+x ¥

Ecology

Prey Predator
Refuge Ad;:lci,i‘i)c:’nol

Lemma 1. [1] Non-negativity of solution

Let 0 < a < 1,u(t) € Cla, b] and DZu(t) € C[a, b]. Then the following

statements hold:

1. If D&u(t) = 0,vt € (a, b), then u(t) is a non-decreasing function for
all t € [a,b]

2. If D&u(t) < 0,Vt € (a,b), then u(t) is a non-increasing function for
allt € [a,b]

Theorem 2.

All solution of model (2) with initial condition x(0) > 0,y(0) = 0 are

non-negative.

Proof:
We will prove that x(t) = 0,y(t) = 0 for all t > 0. Suppose this is not
true, then there is a constant t; > 0 such that x(t) > 0for 0 < ¢ < t;
x(t;) = 0; and x(t{) < 0. Substituting x(t,) = 0 into model (2) gives
a .

D8 x(tI)Lm):O =0.
Since Dx(t;) = 0, Lemma 1 says that x(t;") = 0 which contradicts
with x(t;) < 0. Hence x(¢t) = 0 for all t > 0. Similar argument can be
used to prove that y(t) = 0 forall t > 0.
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Boundedness of solution

Lemma 3.[2]
Let u(t) be a continuous function on [t,, +) and satisfying

Equilibrium Point and Stability

For t - oo, we have w(t) — 2(BE=0)

| Dfu(t) < —Au(t) + u; u(ty) = ug ; 1-¢
[ where 0 < a <1, (4, 1) € R?and 1 # 0, and t, > 0 is the initial time. G [(1 — i) _ % —0
¥ T
Then u(e) < (o — &) Ea[-A(t - )] + 2. DEx(t) = Diy(H) =0 mm) ‘
A —_ N\
Theorem 4. y {4#[(1 gl 5} =0.
Solution of model (2) with initial condition x(0) > 0,y(0) > 0 is 1+66+z
uniformly bounded.
Proof: 1. Extinction point: E, = (0,0)
First define w(t) = x(t) + ~y(t) and o (x) = 1 + 6 + x such that 2. Predator extinction point: £; = (v,0) .
ﬁl 1-0(x) 3. Coexistence point: E, = (x*,y*) where x* = —— "= and
DEW(R) + (B — B)w(®) = x = x* + (B — &) + ( o) )év X%\ (1408+2° (A=)~
o _q1_% it if v L
< —l(x _ y(1+6¢'—6))2 L rarse ) Y= (1 ” )( e ) E, existsif x* <yand (1 —c¢') <
-y 2 4 < BE
< YU+BE=5)? 1468
- 4
Boundedness of solution
Local ili
Using Lemma 3, we have oca Stab ty
14 BE—6)? Jacobian matrix at equilibrium (x*, y*
w(t) < (W(O) _w> E [-(BE — 6)t9] q ey
it (1=c)(1+6¢) (a=c).
2 22* —c y* —(1=¢)a*
y(1+p5-9) Tt o = 1- = — ey T+0E+a*
4(Bs - 6) o By*[1—e)(1+08)—¢] Bla=crar+g] _ ¢
r*)2 - -
YO+BE-5) (1406 +a*) T+0é+a

Consider a fractional-order differential system

Du(t) = f(t,u(®)),t >0
with initial condition x(0) > 0,y(0) > 0and 0 < a < 1, f:(0,) X
¥ > R%, W c R2. If u(t) satisfies the Lipschitz condition w.r.t u, then
there exists a unique solution of the above system on : (0,0) X ¥ .
Theorema 6.
Consider model (2) with initial condition x(0) = 0,y(0) = 0and 0 <
<1, £:(0,0) X Qy - R?, where Qy = {(x,y) € R |max{|x], |y|} <
M} for sufficiently large M. This IVP has a unique solution.

Proof:
Consider H(X) = (Hy(X), Hy(X)) with

(X G-y plA=x+fly
Hl(X)_x(l_;)_1+6§+x’HZ(X)_ 1468 +x oy

Forany,X = (x,y),X = (x,7),X,X € Qy, we can show that

IHCO) —HEOW < LIX —X|| L= L(y,c', 0,8, M)

Hence, all solutions which start from Q = {(x,y) € R, xR, } are Theorem 8.
confined to the region 1. Equilibrium point E, is unstable
1., < Y+BE-6) } 2. Equilibrium point £ i totically stable if ELL=)r+€] _ 5
= Sy < Y TP T . Eq point E; is asymptotically stable i
r {(x,y)eﬂ|x+ﬁy_ VI +¢€,€e>0¢. 1+0E+y
Lemma 5. [3] Existence and Uniqueness of solution At E* = (x*,y*), the Jacobian matrix has a characteristics equation

2 —adl+a, =0,
I O o S _ pa-=ch(a-c")a+6)-¢]x"y*
T = [y (1+9$+x‘ 1)]’ a2 = (1+6&+x")3
1 2
A2 = B) (al + \/5) , D= (a1)® —4a,.

Theorem 9.

Equilibrium E* is asymptotically stable if one of the following mutually
exclusive conditions holds:

(i)a; <0;a,>0andD =0

(i) D < 0 and [VD/ay| > tan()

Proof.

(i) Ifa; <0;a,>0and D >0 then 4, <0, hence arg(4;,) =m > ¢
and the result follows.

(ii) Suppose D < 0. If & is an eigenvalue, then 1 is also an eigenvalue.

q A1 Im(A]
Using [VD/a,| > tan(5), we have that |ﬁ| = R";E;l = larg(D)| =

[VD/ay| > tan(%5). Therefore the stability of E* follows. 0




UNAND 2018

2/28/2018

Global Stability

Lemma 10. [4]

Integer-Order Derivative

Let x(t) € R, be continuous and derivable function. Then, for any t > du i u(t) — u(t — h) dz_;‘ —u'@®) =lim w'(®) — g E=h)
toand a € (0,1): T ©) = lim — dt’ h=0 h
a e X® X\ e N i (A0 —uC =R u(—h)—u =2k
D |x(t) —x* —x*In = < 1—m Dx(t),x* € Ry =5 7 n
i u(t) — 2u(t — h) + u(t — 2h)
du " h=0 h?
w =0
Lemma 11. Generalized Lasalle Invariance Principle [5] ut) — 3u(t — h) + 3u(t — 2h) — u(t — 3h)
Suppose D is a bounded closed set and every solution of = }}1}}, e
Dfx(t) = f(x)
starts from a point and remains in D for all time. /f 3V (x): D —» R with
continuous first partial derivatives satisfies d™u 1 - 5
_ . i . ny nn-1)n-2)..(n—j+1) n!
D&V |pax(ty=rcay < 0. Yy O] ‘}.‘l’ah_nz(‘l)’ (Gue-m. ()= . e
Let E = {x|DV|pax(e)=rx) = 0} and M be the largest invariant set of E. =0 )
Then every solution x(t) originating in D tends to M as t — co. T TG+Dr(n—j+1)
A\

Theorem 12.
E, is globally asymptotically stable if % <5$.

Proof:
1. Define a Lyapunov function U(x, y) = (x —y- y1n§+ Z), then
B7 L PR [E=C7r6 &
DUt <X 0ex(0 + £ ory(0 = Ly [ G2,

7
If B[(;;_;::E] < & then DU (x,t) < 0 for all (x,t) € R%. Furthermore

D&U(x,t) = 0 implies that x = y and y = 0. Hence, the only invariant
set on which D*U(x,t) = 0 is singleton {E,}.

Lasalle Invariance Principle =) E, is globally stable

Grinwald-Letnikov Approximation*

Using the notation of finite difference of an equidistant grid in [0, t,41],th+1 € R
| Grimnwald-Letnikov defines

1
D*u(tn41) = }llj}?] h_,,,Aﬁu(fnﬂ)-
1 1 n+1
h_aA%u(tn+1) = ha u(tns1) — Z o ”(5n+1—j)
=1
L . F(a+1)
a_ (-1 ) )=(-1)Y " 0— ——————
g =D (1) Y D=+ 0
a+1
a-2=1-Ipqa - ( T )C"a*l‘ i
0<ci <cf<-<cff=a

*R. Scherer, S.L. Kalla, Y. Tang, J. Huang, The Griinwald-Letnikov method for fractional differential

equations, Comput. Math. Appl. 62, 2011, pp. 902:917

Theorem 13.

E* is globally asymptotically stable in the region Q = {(x, y): yL > f > 1}.

Proof:
1. Define a Lyapunov function
x 1 y
Vey) =(x—x"—x*In=)+=(y—y* -y In=
(x,y) (x x*—x nx*) ﬁ,()’ =Y ny")
then
a X=X e 1y =9 pa
DEV(x,t) < — Dxx(t)+ﬁ( 7 Dy (t)
ST 1 Ak (¢ b 20 NN k| ok 301 G2 U A0
Ty A+0E+0)A+608+x7) (1 +6&+x)(1+6¢+x*)

For any (x,y) € Q we have D&V (x,t) < 0. Furthermore
DAV (x,t) = 0 implies thatx = x"and y = y".
Hence, singleton {E*} is the only invariant set on which D¥U(x,t) = 0.

— E* is globally asymptotically stable

Grinwald-Letnikov Approximation*

1 i
DIu(®) = 7z Aful®) = 15 (Oye; 15°(1) = - 0<a<1

*R. Scherer, S.L. Kalla, Y. Tang, J. Huang, The Griinwald-Letnikov method for fractional differential

equations, Comput. Math. Appl. 62, 2011, pp. 902:917
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Persamaan Eksponensial:
Skema Eksak

=ru(t), u(0)=ug; r#0 ult)=uq exp(rt)

wlty 1) =ulty) =g explr(t, +h)) - exp(r(zy )
=u(t, Yexp(rh)-1)

V.S. Skema Eulet

Fungsi Penyebut/
Denominator

Beberapa Skema Eksak
F=-
Y ruly=0
=y — My
2% 4y=1
w+ 1y = u(l — ) : 5o (1—ubf!) for At = Az
Yt = Yo =0 .
TV 42l +y=0 ~Atcos (VI — €2) At, 6(e. At)

o) 4 2GRNy _
) &=
P T @) (1- (@)
Paaa(t) = [Pa((k + DAY — Py(kAD), Po(t) = Jo Pacr(7)dr.
%+ P - j“)/&' ) = ACH(#*).
EE 2) =+ ACK(&*).
!

Persamaan Logistik: Skema
Eksak

du(t) Y . ) exp(rt)
o m(t)(l —u(t)), u(0)=ug; r>0  ult)= W
upexplrtyn) g explrt, Jexp(rh)
1+uy (exp(rtnﬂ )— l) 1+uy (exp(rt)exp(rh)— 1)
. ug exp(rt,, Jexp(rh)
1+uy (exp(rz,, )— 1) +uq exp(rt,, Xexp(rh)— 1)
U expl rln)
B eXP(rh{IJruo(expgrtn)—l)]

_1+[ uoexp(rtn)

1+u0(exp(n")_1)J(e*p(”’

u(tn+1 ) :

u(t,, )exp(rh)

)_1)= 1+ u(t, Nexp(rh)—1)

Skema Eksak

Definisi

Suatu metode numerik untuk suatu persamaan
diferensial disebut skema eksak apalabila
persamaan diferensial dan persamaan beda
(skema) tersebut mempunyai penyelesaian
umum yang sama pada waktu diskret ¢ =,

Persamaan Logistik: Skema Eksak

u( n )ex (rh)
“(t n+l ) = m
ultyg) =t )exp(rh) = (e, Julty 1 Jexplri) + ult, Ju(tyr) Azzﬁmﬁ

u(tn+1 )7u(tn)= (exp(rh)7 1)“(tn )(1 - “(tn+1 ))

ulty)-ult,) ~ V.S. Skema Eull
‘M = m(tn Xl u(tn+1 ))

V.S. Modifikasi

=
\ \ Fungsi Penyebut/ SKemCiEL ey

Denominator

Nonstandard Finite Difference Method

Nonstandard Finite Difference (NSFD) Method*
A numerical scheme for an initial value problem
B femiao =

is called a NSFD method if at least one of the following conditions is satisfied [4,5]:
(i) S =» the generalization of forward difference scheme
@ - ﬁn+1 - ﬁn

dt — p(h)
The nonnegative denominator function has to satisfy ¥(h) = h + 0(h?), h = At.
(i) The approximation of f(t, u) is nonlocal.

*R. Mickens, finite dij models of dif i i World Scientific, 1994.
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NonStandard Grinwald-Letnikov (NSGL) Approximation
L T r T T T —
e a-c i =
| = @ +re a _Xme1) (07 O XmyaYm ; —a
(] T w0 me ae om0 peo  mo e ow
me )
L BLA = Nxmsq + 1y, T T . -
- a . a a m+1 m s o T ——
Ymt1 zj=1 G Ym1-j + Tms1do +5 [—1 08+, OYm+1 fost —EE
fos — o
Tms1%0 + 5% + B ¢fdmaa—j E i ‘ ; ; i i i i i
Xme1 = 7 ] 1000 2000 3000 2000 5000 5000 7000 2000 9000 10000
1+ s@ [x_m+w Tume ()
v I T Figure 3: Numerical solution of system (2) with v = 1.5,¢ =
8101 — gy + €] 0.22,0 = 0.6, =0.1,8 = 0.21, 5 = 0.08 and o = {0.6,0.7,0.8,0.9}:
1Yo + s% [W ] + Zj:ll C}lymﬂ_j (a) Prey population z(¢) and (b) Predator population y(t).
Ym+1 = 1+ 51:‘1

Concluding Remarks

i

i —s

£ = 1.Fractional-order model for predator-prey model has

el ; i i i | | i i = been discussed:  non-negativity, boundedness,
e e ww ew oo T mm mw o

e existence and uniqueness of solution have been
presented.

“Model has three equilibria: extinction point, predator
extinction, coexistence point. Extinction point is

unstable and others are conditionally stable.

pm.wm
g
i

e
(] 1000 2000 3000 4000 5000 5000 7000 2000 5000 10000
Time ()

Figure 1: Numerical solution of system (2) with v = 2.6,¢ =
0.6,60 =0.6,£ =0.2,3=0.21, § = 0.08 and a = {0.6,0.7,0.8,0.9}:
(a) Prey population z(t), (b) Predator population y(t).
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a =091




	Model predator prey fraksional.pdf
	Model predator prey    fraksional6.pdf

