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Introduction  



Å Optimization problems in Engineering are often highly       

nonlinear, involving many different design variables under  

constraints. 
 

Å Such nonlinearity often results in multimodal objective 

function. Hence, local search algorithms such as hill-climbing 

or steepest descent methods of solution are not suitable to use. 

Thus global search algorithms should be used to obtain optimal 

solutions. 
 

Å Many metaheuristic algorithms have been developed  to 

perform global search. They are constructed  based on the 

analogy of natural phenomena such as biological evolution 

(genetic algorithms), birds flocking and fish schooling (particle 

swarm optimization). 



Two characteristics of metaheuristic algorithms are : 

diversification and intensification 

 

Diversification : searching for better solutions by exploring 

wide region coarsely.  

Intensification : searching  for better solutions by searching 

around a good solution intensively. 

 

Diversification in the early phase during a search can find 

regions having a high possibility that better solution exist, while 

intensification in the later phase  can intensively search for 

much better solutions in the region found in the early phase. 



Recently a new metaheuristic search algorithm, called 

Spiral Dynamics Optimization, has been developed by 

Tamura and Yoshida (2011) of Tokyo Metropolitan 

University. Preliminary studies show the effectiveness of 

the method compared to other metaheuristics such as 

Particle Swarm Optimization (PSO). 



Spiral Dynamics 

Optimization 



Rotation Model 

Rotation through an angle ɗ 
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Spiral Model 
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Spiral models generate a point converging at the origin from 

arbitrary initial point  x (0)  

( )

( )

()

()

1 1

2 2

1 0 cos sin

0 sin cos1

x k + x kr ɗ
=

r ɗ ɗx k + x k

qè ø è ø-è øè ø
é ù é ùé ùé ù

ê úê úé ù é ùê ú ê ú

By translating the origin toward arbitrary point  x*  we have 

spiral model with center at x*  
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Spiral Model 



Many metaheuristics methods, such as GA, PSO, ACO use 

multipoint  search with interaction. 
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with the common center * set as the best solution among 

all search points during a search. Thus * becomes an 

interaction

x

x

The multipoint search using spiral model is formulated as 

Two-Dimensional Spiral Optimization 
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Algorithm of 2-D spiral optimization (Tamura  
& Yoshida (2011)) for minimization problem 
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Illustration  
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Three-Dimensional Spiral Model 

Rotation in the plane 
 

Rotation in the plane 

 

 

Rotation in the plane 
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Three-Dimensional Spiral Model 
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Rotation in  n-Dimensional Space 

with 
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n-Dimensional spiral model 
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Finding Roots of  Systems 

of Nonlinear Equations 



Maximization and Root finding 

Consider a system of nonlinear equation: 
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The above system has a solution at                                precisely 

when the function  F(x)  defined by : 
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( )1 2, , ,
T

nx x xx = K

( )

( )
1

1

1
n

i

i

F

g

x

x
=

=

+¬

Maximization and Root finding 



( )
( )

( )

( )

( )( )

1

2

0.5 sin 0.25 0.5

0.25
1 exp 2 2

y
xy x

g x,y ˊ
x,y

yg x,y
x e +e e x

ˊ ˊ

è ø
- -é ùè ø

é ù= = =é ù
å õé ùé ùê ú - - -æ öé ùç ÷ê ú

g 0



2

2 4 6
1

1
1 2

2

4 6
3

21
3

4

2 6
5

6 1 5

0.75
4

0.405 1.405

1.5
2

0.605 0.395

1.5
2

+x x

x

x x x
x + +

x + e

x x
x +

=

x e

x x
x +

x x x

-

å õ
æ ö
æ ö
æ ö-
æ ö
æ ö-
æ ö=
æ ö
æ ö- -
æ ö
æ ö-
æ ö
æ ö

-ç ÷

g 0

10 10ix- ¢ ¢

1,2, 6i = ,

Function 

search space 



1

1

1

1

1

1

=

-å õ
æ ö
æ ö
æ ö-
æ ö
æ ö
æ ö-
æ öæ ö
ç ÷

x
()

16

16

17

16

16

16

1.3877810

1.2652610

5.5511210

2.0426410

1.1102210

2.2204510

-

-

-

-

-

-

å õ
æ ö
-æ ö
æ ö-
æ ö=
æ ö
æ ö
æ ö
æ ö-ç ÷

g x

()=1F x

500m=

=500maxk

0.95r =

4

ˊ
ɗ=

Input 

Output 



Clustering technique 



Illustration  



Algorithm  
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Sobol Sequence 



Pseudo-random may not uniformly distribute in the search 

feasible region of the problem 

It will be helpful if it is possible to generate population of 

points in the search region for which the deviation from 

uniformity is minimal 
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Next, a sequence of points                                    is called  
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Results for Problem 1 

Clustering technique 
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1 0 0 6 3.73962 9.30683e-08 

2 1.88871 -9.77192e-08 7 3.74071 9.10978e-08 

3 3.73173 -9.0547e-08 8 4.54986 -9.4056e-08 

4 3.73499 -9.69124e-08 9 5.01996 9.56515e-08 

5 3.73819 3.67608e-08     
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Graph for Problem 1 
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Clustering technique 
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No. 

1. -0.260599 0.622531 0.999999 -1.21664e-07 -4.59048e-07 

2. 0.299448 2.83693 0.999999 -1.86287e-07 4.69411e-07 

3. 0.500001 3.14159 0.999999 -2.47858e-07 -4.77774e-07 

4. 1.29436 -3.13722 0.999999 6.26313e-07 2.04202e-07 

5. 1.33743 -4.14044 0.999999 7.58506e-07 -8.0146e-09 

6. 1.43395 -6.82077 0.999999 -6.48832e-08 -5.50622e-07 

7. 1.48132 -8.38361 1 1.96979e-07 1.33501e-07 

8. 1.53051 -10.2022 0.999999 -1.98839e-08 5.54021e-07 

9. 1.57823 -12.1767 0.999999 3.6169e-07 -4.24333e-07 

10. 1.60457 -13.3629 0.999999 2.94067e-07 -2.23847e-07 

11. 1.65458 -15.8192 1 -2.27255e-07 2.26023e-07 

12 1.66342 -16.2828 0.999999 -9.24304e-08 -5.61499e-07 

x y F (x, y) g1(x, y) g2(x, y)

Time taken : 2.78 s 

Results for Problem 2 

Using pseudo-random points, we have found simultaneously all  

roots in 6 runs from 100 runs 



Graph for Problem 2 
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Results for Problem 3 

Clustering technique 
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Input 

No 

1 -12.256500 -22.894900 -2.789820 -2.842170e-14 -8.305780e-04 5.900980e-05 

2 -8.943090 -23.271500 -12.912800 -2.842170e-14 -5.675470e-04 -2.559920e-03 

3 8.943090 23.271500 12.912800 -2.842170e-14 -5.675470e-04 -2.559920e-03 

4 12.256500 22.894900 2.7898200 -2.842170e-14 -8.305780e-04 5.900980e-05 

5 2.363740 -35.756400 -3.015080 -2.842170e-14 -3.012750e-03 2.403290e-04 

6 -2.363740 35.756400 3.015080 -2.842170e-14 -3.012750e-03 2.403290e-04 

Output 
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1x 2x 3x ( )1 1 2 3, ,f x x x ( )2 1 2 3, ,f x x x ( )3 1 2 3, ,f x x x



Graph for Problem 3 
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Input 

Clustering technique 

= 2000clusterm

=10clusterk

0.5=d

0.0000001=e

= 0.001g

500m=
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g x

Results for Problem 4 

1. 2. 

Time taken : 0.97 s 



Complex Roots 



z u+vi=Complex number : 

 real part 

 imaginary part 

() ( )f z f u+vi=

( )
( )

( )

2 2
1 1, 2 1 2 1 2

1 2

1 2 1 22 1, 2

8
,

5

f z z z + z + z + z
f z z = = =

z z + z + zf z z

è øè ø-
é ùé ù

-é ùê úê ú

0

Complex function : 

Example : 

( )
( )( )

( )( )

2 2 2 2

1 1 2 2 1 2 1 1 2 2 1 2

1 2

1 2 1 2 1 2 1 2 2 1 1 2

8 2 2
,

5

u v +u v +u +u + u v + u v +v +v i
f z z = =

u u +u +u v v + u v +u v +v +v i

è ø- - -
é ù
é ù- -ê ú

0
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( )

( )

( )
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2 2 2 2
1 1 2 3 4

1 2 3 4 1 3

2 1 2 3 4 1 2 3 4 2 4

1 2 3 4

1 3 1 3 2 43 1 2 3 4

1 4 3 2 2 44 1 2 3 4

, , , 8

, , , 2 2
, , ,

5, , ,

, , ,

g x x x x x x + x x + x + x

g x x x x x x + x x + x + x
g x x x x

x x + x + x x xg x x x x

x x + x x + x + xg x x x x

è øè ø- - -
é ùé ù
é ùé ù= = =é ùé ù- -
é ùé ù
é ùé ùê úê ú

0

Let us consider 

with { }10 10 1, 4iD x ,i = ,= - ¢ ¢ »

Input  

4

ˊ
q=

= 300clusterm

=100clusterk

0.1d=

0.00001e=

100m=

= 300maxk

0.95r =

= 0.01g

Clustering technique   Spiral optimization  



Output 
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6

2

9.19285 .10

1

-2.28927 .10

-

-
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x

( )= 0.999992F x,y

 Root 1 
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1.07511.10
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-
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x

( )= 0.999995F x,y

 Root 2 
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x

( )= 0.999994F x,y

 Root 3 
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æ ö
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x
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z
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=æ ö
ç ÷

real 

1

2
z
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3 1.41421
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i
z
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- -å õ
=æ ö
-ç ÷

complex 

3 1.41421

3 1.41421

+ i
z

i

-å õ
=æ ö
- -ç ÷

complex 



Problem :  It is not always easy for a given complex 

function to write explicitly its real and 

imaginary part 

Solution :  Working directly with the function 

In C++ we may use library complex.h 



( )
( )

( )

1 2
1 1 2

1 2 3 3
2 1 2 1 2

, 2
,

, 1

z zg z z e e +
g z z

g z z z z

è ø è ø-
= = =é ù é ù

- -é ù é ùê ú ê ú

0

( ){ }1 2 1 2 1 2, : 13 , 13, 13 13D z z u u v ,v= - ¢ ¢ - ¢ ¢

with 

Clustering technique  

= 20000clusterm

= 20clusterk

0.01=d

0.00001e=

500m=

= 500maxk

0.95r =

4

ˊ
q=

Spiral optimization  

Input  

Problem 1 

= 0.01g



Results for Problem 1 

No 

1 -0.662665+0.956196i 0.848236+0.181314i 1.96347e-06-4.71156e-07i 4.69593e-07+9.11494e-07i 

2 -0.662666-0.956197i 0.848238-0.181314i -2.88996e-06+2.18101e-06i 7.28555e-07+5.90633e-07i 

3 0.680596-3.16038i -3.10316+0.972481i 6.59986e-07+2.35274e-06i -9.76271e-07+4.93106e-06i 

4 0.680596+3.16038i -3.10316-0.97248i 2.41556e-07+2.33136e-07i 9.89233e-07-9.29327e-06i 

5 1.98471-3.05201i 1.66544+3.26502i -1.31746e-06+1.53558e-06i -3.36184e-06+2.4365e-06i 

6 1.98471+3.05201i 1.66544-3.26502i 2.25969e-06-1.25927e-07i 2.29536e-06+6.32589e-06i 

z1 z2 g1(z1, z2) g2(z1,z2)

Time taken : 380.09 s 



( )
( )

( )

4 4
1 1 2 1 2

1 2 2

2 1 2 1 2

, 4 6
,

, 1.6787

g z z z + z
g z z

g z z z z

è øè ø-
= = =é ùé ù

-é ùé ùê úê ú

0

( ){ }1 2 1 2 1 2, : 2 2, 2 2D z z u ,u v ,v= - ¢ ¢ - ¢ ¢

with 

Clustering technique  

= 200clusterm

= 50clusterk

0.0001=d

0.0000001=e

150m=

=150maxk

0.95r =

4

ˊ
q=

Spiral optimization  

Input  

Problem 2 

= 0.9g



z1 z2 g1(z1, z2) g2(z1,z2)

Results for Problem 2 

No 

1 1.43098-5.08152e-05i 0.819816+6.53159e-05i -2.6359e-05-1.9781e-05i 4.4030e-05+1.4521e-05i 

2 -1.4311+2.82656e-05i 0.819663+3.8692e-05i 3.7359e-05+9.5324e-06i 1.3268e-05+1.2931e-05i 

3 1.39602-4.59531e-05i 0.861362+5.32735e-05i -4.7551e-06+4.4651e-05i -2.3060e-05-6.6922e-06i 

4 -1.39615-8.3548e-05i 0.861226-9.40931e-05i 2.5552e-05-5.2203e-05i 2.5856e-05+1.7507e-05i 

5 0.840215+0.840215i 1.00202e-07-1.18897i -1.0749e-05+7.1284e-06i 2.779e-05-1.7253e-06i 

6 0.840205-0.840206i -1.62053e-06+1.18896i -1.6171e-05+4.6572e-05i -1.4268e-05+1.0281e-06i 

7 -0.840203+0.84022i 3.68565e-06+1.18896i -6.6519e-06-2.0486e-05i 1.2003e-05-3.8311e-05i 

8 -0.840214-0.840218i 1.17022e-07-1.18897i -9.5319e-06-1.4893e-05i 3.2477e-05+7.7607e-06i 

9 -8.67857e-05-1.43107i -0.819693-0.000114517i -6.6203e-05-8.2757e-06i 1.1955e-06+3.0921e-05i 

10 0.000159901+1.43101i -0.819779-0.000211417i -7.1804e-07-1.073e-05i 3.8877e-05+5.7773e-05i 

11 1.8196e-05-1.39627i -0.861096+1.63072e-05i -5.6278e-06+3.1534e-05i 5.8816e-05+1.1963e-05i 

12 6.66309e-07+1.39611i -0.861273+2.27387e-06i 4.8289e-05-3.0496e-05i 1.6184e-05-6.0344e-06i 
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( )

( )

( )
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1 2
1 1 2 1 2

1 2 2 2
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, sin
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z z
g z z e z + z

g z z
g z z z z z + z

-è øè ø -
= = =é ùé ù

-é ùé ùê úê ú

0

( ){ }1 2 1 2 1 2, : 10 10, 10 10D z z u ,u v ,v= - ¢ ¢ - ¢ ¢

with 

Clustering technique  

= 500clusterm

= 20clusterk

0.001d=

0.00001e=

300m=

= 300maxk

0.95r =

4

ˊ
q=

Spiral optimization  

Input  

= 0.1d*

Problem 3 



We obtained 6 real roots and 21 complex roots. 

 

The real roots are : 

Results for Problem 3 

No. 

1 -0.932121+1.27131e-06i 1.06788+4.4584e-07i -2.5591e-06-1.5896e-06i -4.369e-07-1.643e-06i 

2 0.66712-1.46425e-06i 0.690105+1.01847e-06i -2.4946e-06-2.3318e-06i 7.2746e-07-7.4046e-07i 

3 -6.43716+2.0145e-06i 0.155348-1.95019e-07i -2.2994e-06-1.8165e-06i 6.1429e-07-3.1341e-06i 

4 -6.11712+5.55163e-07i -0.163476+2.34477e-07i 2.6471e-06-7.888e-07i 1.9554e-06-3.0481e-06i 

5 0.163334-4.73192e-09i 6.12243+9.63892e-07i -9.8743e-07-9.6166e-07i 2.1308e-06+2.5941e-07i 

6 -0.155284-2.99648e-07i 6.43984+1.78116e-06i 4.0556e-07-1.4844e-06i 1.7496e-06+4.4146e-06i 

z1 z2 g1(z1, z2) g2(z1,z2)
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Input 
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0.5=d
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Spiral optimization  



No. 

1 

2 

We obtained 2 real roots and 10 complex roots. 

 

The real roots are : 

Results for Problem 4 

z
( )f z

-0.9989317 0.0001109111 

0.9991912 - 3.944306 - 05 

-1.001514 - 4.49101 - 05 
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Diophantine Equation 



Modification for (Mixed) Integer Programming  

Suppose among                          variables,  

                         must be integer variables. 

 

Before calculate              we must convert     

                         to become integer type 

1 2, , , nx x x

1 2, , , ix x x

1 2, , , ix x x

(x)F



Clustering technique  

= 5000clusterm

=10clusterk

0.1=d

0.000001=e

20m=

= 20maxk

0.95r =

4

ˊ
q=

Spiral optimization  

= 0.1g

Function 

1 20 , 50x xÃ Ãsearch space 

( ) 2 3 2

1 2 3 1 2 3,x , 2 6 1825f x x x x x= + + - =0

Problem 1 

Input 



No. 

1. 15 1 37 0 1 

2. 15 5 25 0 1 

3. 24 2 25 0 1 

1x 2x ( )1 2,xf x ( )1 2,xF x

Output 

3x

Time taken : 2.47 s 



Clustering technique  

= 3000clusterm

=10clusterk

0.1=d

0.000001=e

20m=

= 20maxk

0.95r =

4

ˊ
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Spiral optimization  

= 0.3g

Function 

1 ,y,c,n 11xÃ Ãsearch space 

( ) 2, y,c,n 11c nf x x y= + - =0

Problem 2 

Input 



Output 

No. 

1. 2 5 2 3 0 1 

2. 4 3 1 3 0 1 

3. 5 6 1 2 0 1 

x y ( )1 2,xf x ( )1 2,xF xc

Time taken : 1.12 s 

n
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Time taken : 73.88 s 
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Mixed Integer 

Nonlinear 

Programming 



Problem Description 



Speed Reducer Design Optimization Problem 

Design variable :  

x1

Minimized the weight of the speed reducer  

Subject to constraints on bending stress of the gear teeth, 

surface stress, transverse deflections of the shafts and 

stresses in the shaft 

: face width 
x2 : module of teeth 
x3 : number of teeth on pinion 
x4 : length of the first shaft   

  between bearings 
x5 : length of the second shaft   

  between bearings 
x6 : diameter of the first shaft 
x7 : diameter of the first shaft 



Minimized : 

subject to 

()1 2

1 2 3

27
1 0g =

x x x
- ¢x ()2 2 2

1 2 3
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x x x
- ¢x
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() ( )2 2
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2+x7

2)+7.4777(x6
3+x7

3)+0.7854(x4 x6
2+x5 x7

2)

Speed Reducer Design Optimization Problem 



Speed Reducer Design Optimization Problem 

with 2.6Òx1Ò3.6

0.7Òx2Ò0.8
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3 integerx



Results for Speed Reducer Problem 

Penalty function : 

() () ()( )
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0,  i
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F = f + M max gäx x x 1510M =
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Pressure Vessel design Optimization Problem  

Pressure vessel are everywhere such as champagne bottle, bottles 

of  sparkling drink, and gas tanks. For a given volume and 

working pressure the basic aim of designing a cylindrical vessel 

is to minimize the total cost.     


