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What is Fuzzy Mathematics?

Fuzzy mathematics forms a branch of mathematics related to
fuzzy set theory and fuzzy logic.

Fuzzy sets (uncertain sets) are somewhat like sets whose
elements have degrees of membership (Lotfi A. Zadeh, 1965).
Fuzzy logic is a form of many-valued logic in which the truth
values of variables may be any real number between 0 and 1
both inclusive.

Fuzziness can be found in many areas of daily life, such as in
engineering, medicine, meteorology, manufacturing, economy,
and others. It is particularly frequent, however, in all areas in
which human judgment, evaluation, and decisions are
important.
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Some fields of mathematics using fuzzy set theory

Fuzzy subgroupoids and fuzzy subgroups were introduced in
1971 by A. Rosenfeld .

Fuzzy fields and fuzzy Galois theory are published in a 1998
paper. (Mordeson & Malik)

Fuzzy topology was introduced by C.L. Chang in 1968

Fuzzy geometry were introduced by Tim Poston in 1971, A.
Rosenfeld in 1974, by J.J. Buckley and E. Eslami in 1997 and
by D. Ghosh and D. Chakraborty in 2012-14.

Basic types of fuzzy relations were introduced by Zadeh in
1971.

Fuzzy graphs have been studied by A. Kaufman, A. Rosenfel,
and by R.T. Yeh and S.Y. Bang.
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Fuzzy sets

In mathematics fuzzy sets have triggered new research topics
in connection with category theory, topology, algebra, analysis.

Fuzzy sets are also part of a recent trend in the study of
generalized measures and integrals, and are combined with
statistical methods.

In decision and organization sciences, fuzzy sets has had a
great impact in preference modeling and multicriteria
evaluation, and has helped bringing optimization techniques
closer to the users needs.

Applications can be found in many areas such as management,
production research, and finance. Moreover concepts and
methods of fuzzy set theory have attracted scientists in many
other disciplines pertaining to human-oriented studies such as
cognitive psychology and some aspects of social sciences.
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Fuzzy Thinking

The concept of a set and set theory are powerful concepts in
mathematics. However, the principal notion underlying set
theory, that an element can (exclusively) either belong to set
or not belong to a set, makes it well nigh impossible to
represent much of human discourse.

How is one to represent notions like:
large profit
high pressure
tall man
moderate temperature

Admi Nazra Dept of Mathematics, Andalas University MATEMATIKA FUZZY DAN APLIKASINYA DALAM KEHIDUPAN NYATA



Crisp Set and Fuzzy Sets

A crisp set, A, can be defined as a set which consists of
elements with either full or no membership at all in the set.
Each item in its universe is eitherin the set, or not.

A fuzzy set is defined as a class of objects with acontinuum of
grades of membership. It is characterized by a membership
function or characteristic function that assigns to each
member of the fuzzy set a degree of membership inthe unit
interval [0,1].
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Topics in Fuzzy Sets
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Soft Set

Definition (Mololodtsov, 1999)

Let U be an initial universe set and let E be a set of parameters. A
pair (F ,E ) is called a soft set over U if and only if F is a mapping
of E into the set of all subsets of the set P(U), i.e. F : E → P(U),
where P(U) is the power set of U.

Example

Let U = {h1, h2, h3, h4, h5, h6} be a set of houses under
consideration where E = {e1, e2, e3, e4, e5} and A ={e1, e2, e3,
e4} be a subset of parameters for selection of the house. Let
e1 stands for expensive houses, e2 stands for wooden houses. e3
stands for houses located in green surroundings, e4 stands for
houses located in the urban area, e5 stands for the low cost
houses. Let (F, A) be the soft set to categorize the houses with
respect to parameters given by set A, such that
F(e1) ={ h1, h3}, F(e2) = {h1, h3, h6}, F(e3) ={h1, h3, h4, h5},
F(e4) ={h1, h2, h3}
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Soft Set-example

For computer applications it is more appropriate to represent a soft
set in tabular form

h1 h2 h3 h4 h5 h6

e1 1 0 1 0 0 0
e2 1 0 1 0 0 1
e3 1 0 1 1 1 0
e4 1 1 1 0 0 0
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AN APPLICATION OF SOFT SET THEORY (Maji, 2002)

Let U = {h1, h2, h3, h4, h5, h6}, be a set of six houses,

E = {expensive=e1; beautiful=e2; wooden=e3; cheap=e4; in
the green surroundings=e5: modern=e6; in good repair=e7:
in bad repair=e8}, be a set of parameters.

Consider the soft set (F, E) which describes the attractiveness
of the houses, given by (F, E) = {expensive houses = ∅,
beautiful houses = {h1, h2, h3, h4, h5, h6}, wooden houses
= {h1, h2, h6}, modern houses = { h1 , h2, h6}, in bad
repair houses = { h2, h4, h5}, cheap houses = { h1, h2, h3,
h4, h5, h6}, in good repair houses ={ h1, h3, h6}, in the
green surroundings houses = {h1, h2, h3, h4, h6} }.
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An Application of SS-cont

Suppose that, Mr. X is interested to buy a house on the basis
of his choice parameters beautiful, wooden, cheap, in the
green surroundings, in good repair,

beautiful wooden cheap in good repair in the green
surroundings

h1 1 0 1 1 1
h2 1 0 1 0 1
h3 1 0 1 1 1
h4 1 1 1 0 1
h5 1 1 1 0 0
h6 1 1 1 1 1

The problem is to select the house which is most suitable with
the choice parameters of Mr. X.
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An Application of SS-cont
Algorithm for Selection of the House

1st Method: Choice Value of an Object hi

1 input the soft set (F, E),

2 input the set P of choice parameters of Mr. X which is a
subset of E,

3 choose a soft subset (F, P) of (F, E).

4 Count the choice value ci of an object hi ∈ U, given by
ci =

∑
j hij , where hij are the entries in the table.

5 find k, for which ck = max ci . Then hk is the optimal choice
object. If k has more than one value, then any one of them
could be chosen by Mr. X by using his option.
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An Application of SS-cont

beautiful wooden cheap in good in the green Choose
repair surroundings Value

h1 1 0 1 1 1 4
h2 1 0 1 0 1 3
h3 1 0 1 1 1 4
h4 1 1 1 0 1 4
h5 1 1 1 0 0 3
h6 1 1 1 1 1 5

Decision: Mr. X can buy the house h6

Admi Nazra Dept of Mathematics, Andalas University MATEMATIKA FUZZY DAN APLIKASINYA DALAM KEHIDUPAN NYATA



An Application of SS-cont
Algorithm for Selection of the House

2nd Method: Weighted Choice Value of an Object hi

1 input the soft set (F, E),

2 input the set P of choice parameters of Mr. X which is a
subset of E,

3 choose a soft subset (F, P) of (F, E).

4 Count the weighted choice value ci of an object hi ∈ U, given
by ci =

∑
j dij , where dij = wj × hij , wj is the j th weight

decided by Mr. X,.

5 find k, for which ck = max ci . Then hk is the optimal choice
object. If k has more than one value, then any one of them
could be chosen by Mr. X by using his option.
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An Application of SS-cont
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N-SOFT SETS (Fatimah et. al, 2018)
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FUZZY SETS

In order to explain the concepts of fuzzy sets, the basic idea in
classical set theory must be understood.
In mathematics, the concept of classical set is very simple.
A set is a collection of well-defined objects.
hese objects cover almost anything that can either belong or
do not belong to the set.
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FUZZY SETS

Ragin (2000) had a very simple explanation about fuzzy sets.

He iterated that the basic idea behind fuzzy sets is to permit
the scaling of membership scores and this allows partial or
fuzzy membership.

A membership score of 1 indicates full membership in a set;
a score close to 1 (e.g., 0.8 or 0.9) indicates strong but partial
membership in a set; scores less than 0.5 but greater than 0
(e.g., 0.2 and 0.3) indicate that objects are more out than in a
set, but still weak members of the set;
a score of 0 indicates full non membership in the set.

Thus, fuzzy sets combine qualitative and quantitative
assessment.
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FUZZY SETS

The fuzzy set theory can represent the uncertainty or
vagueness inherent in the definition of linguistic variables
(Zadeh, 1975).
Age is one of the examples of a linguistic variable whose
values are words like very young, middle age, and very old.
Fuzzy set theory is becoming an alternative way in explaining
the fuzzy phenomena in the real world.
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FS-example

Seseorang dapat masuk dalam 2 himpunan yang berbeda, MUDA
dan PAROBAYA, PAROBAYA dan TUA, dsb. Seberapa besar
eksistensinya dalam himpunan tersebut dapat dilihat pada nilai
keanggotaannya.

 

1 
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40 50 
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FUZZY SETS and Its Operations

The fuzzy set (FS) µ over a set U is a set {(u, µ(u))|u ∈ U}
where µ : U → [0, 1].
µ is called the membership function of X
µ(u) is called the membership value of u.

Definition

Given two FSs µ and ν over U.

µc := {(u, µ(u))|u ∈ U}c = {(u, µc(u))|u ∈ U}, with
µc(u) := 1− µ(u)

µ ∪ ν := {(u, µ(u) ? ν(u))|u ∈ U}, with
µ(u) ? ν(u) := max{µ(u), ν(u)}
µ ∩ ν := {(u, µ(u) � ν(u))|u ∈ U}, with
µ(u) � ν(u) := min{µ(u), ν(u)}
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FUZZY SETS and Its Properties

Definition

Fuzzy set µ over U is called

The null FS, denoted by ∅ := {(u, 0)|u ∈ U}
The universal FS, denoted by 1 := {(u, 1)|u ∈ U}

Proposition

Given two FSs µ, ν and w(u) over U.

(µc)c = µ

µ ∪ ν = ν ∪ µ
µ ∩ ν = ν ∩ µ
(µ ∪ ν)c = νc ∩ µc

(µ ∩ ν)c = νc ∪ µc

µ ∩ (ν ∩ w) = (ν ∩ µ) ∩ w

µ ∪ (ν ∪ w) = (ν ∪ µ) ∪ w
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FUZZY SOFT SETS

Definition (Maji, 2001)

U : a universal set, E : a paramater set. A ⊆ E .
A pair (fA,A) is called a fuzzy soft set over U
if fA : A→ IU , IU : the collection of all fuzzy sets over U.
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FUZZY SOFT SETS-ex

Suppose that, Mr. X is interested to buy a house on the basis
of his choice parameters beautiful, wooden, cheap, in the
green surroundings, in good repair,

beautiful wooden cheap in good repair in the green
surroundings

h1 (1;0.3) 0 (1;0.3) (1;0.3) (1;0.3)
h2 (1;0.7) 0 (1;0.3) 0 (1;0.3)
h3 (1;0.4) 0 (1;0.3) (1;0.3) (1;0.3)
h4 (1;0.9) (1;0.3) (1;0.3) 0 (1;0.3)
h5 (1;0.1) (1;0.3) (1;0.3) 0 0
h6 (1;0.3) (1;0.3) (1;0.3) (1;0.3) (1;0.3)

The problem is to select the house which is most suitable with
the choice parameters of Mr. X.
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FUZZY SOFT SETS-ex

(Nasef et. al, 2018)

Suppose that Mr. X is interested to buy a house from among
the set of houses U = {h1; h2; h3} on the basis of the set E
= {e1 = cheap house, e2 =beautiful house, e3 =green
surroundings, e4 = good location house} of selection criteria
called the parameters.

Suppose Mr. X is going to buy the house on his own
preference weightage to the selection criteria.

Now, to get the recent market information, that is, the
performance evaluation matrix we construct the fuzzy soft
sets, (F1,E), (F2,E), (F3,E) over the universe U.
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FUZZY SOFT SETS-ex
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Intuitionistic Fuzzy Soft Set/ IFSS

Definition (Atanassov, 1986)

Let U be a set. An intuitionistic fuzzy set X over the set U is
defined as

X = {(x , µX (z), γX (z))|z ∈ U}

where µX : U → [0, 1] and γX : U → [0, 1], such that
0 ≤ µX (z) + γX (z) ≤ 1 for all z ∈ U.
µX (z) is called the membership value of z
γX (z) is the non-membership value of z .

Definition (Maji et. al, 2004)

Let U be a set, E is the set of parameters, A ⊂ E . A pair (F,A) is
called an intuitionistic fuzzy soft set over U, where F is a
mapping given by F : A→ IF(U), IF(U) is a collection of all
intuitionistic fuzzy sets over U.

Admi Nazra Dept of Mathematics, Andalas University MATEMATIKA FUZZY DAN APLIKASINYA DALAM KEHIDUPAN NYATA



Intuitionistic Fuzzy Soft Set-ex

(Yang & Qian, 2013)

Let us consider an intuitionistic fuzzy soft set ω = (F ,A)
which describes the ”attractiveness of houses” that Mr. X is
considering for purchase.

Suppose there are six houses in the domain U = {h1; h2; h3;
h4; h5; h6} under consideration, and A ={ e1; e2; e3; e4; e5;
e6} is a set of decision parameters.
The ei (i = 1; 2; 3; 4; 5; 6) stand for the parameters :
modern, cheap, beautiful, large, convenient traffc and in green
surroundings, respectively.

Table 1 gives the tabular representation of the intuitionistic
fuzzy soft set ω = (F ,A)
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Intuitionistic Fuzzy Soft Set-ex
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Hesitant Fuzzy Set/ HFS

Definition (Torra, 2010)

Let U be a set. A Hesitant fuzzy set X over the set U is
defined as

X = {(x , h(z))|z ∈ U}

where h : U → P([0, 1])
h(z) is called the membership value of z
P([0, 1]) is a collection of all subsets of [0,1].
h(z) is called a hesitant fuzzy element of z ∈ U.

Definition (Babitha & John, 2013)

Let U be a set, E is the set of parameters, A ⊂ E . A pair (F,A) is
called an Hesitant fuzzy soft set over U, where F is a mapping
given by F : A→ HF(U), HF(U) is a collection of all Hesitant
fuzzy sets over U.
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Hesitant fuzzy soft set in decision making problems

Definition (Xia & Xu, 2011)

For a hesitant fuzzy element h(x), s(h) = 1
l(h)

∑
γ∈h(x) γ is called

the score function of h(x) where l(h) denotes number of values in
h(x).

Definition (Babitha & John, 2013)

Let (F ,A) denotes hesitant fuzzy soft set, Then the fuzzy soft set
(FS ,A) in which each entries in the fuzzy set FS(e) is the score
function of the respective entries in the hesitant fuzzy set F (e) is
called as score matrix.

Definition (Babitha & John, 2013)

The table obtained by calculating the average of FS(ei ) for each uj

is called as decision table.
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Hesitant fuzzy soft set in decision making problems
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Hesitant fuzzy soft set in decision making problems
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Hesitant Intuitionistic Fuzzy Set (HIFS)

Definition (Beg and Rashid, 2014)

Given a set U. Suppose µ and µ′ are functions applied to U return
subsets of [0, 1] where µ(u) and µ′(u) are sets of some values in
[0, 1].
An hesitant intuitionistic fuzzy set (HIFS) on U is a set

X̃ = {< u, µ(u), µ′(u) > |u ∈ U}.

Values µ(u) and µ′(u) denote the possible memberhip degrees and
non-membership degrees of the element u ∈ U to the set X̃ , which
satisfy

max{µ(u)}+ min{µ′(u)} ≤ 1

and
min{µ(u)}+ max{µ′(u)} ≤ 1
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Hesitant Intuitionistic Fuzzy Set (HIFS)-cont

For simplification,
µ̃(u) = (µ(u), µ′(u)) is called an hesitant intuitionistic fuzzy
element (HIFE), with

µ(u) = {α1, . . . , αm|αi ∈ [0, 1]}

and
µ′(u) = {α′

1, . . . , α
′
n|α′

i ∈ [0, 1]}.

The HIFS X̃ can be written as

X̃ = {< u, µ̃(u) > |u ∈ U}.

The set of all HIFSs on U is denoted by ˜IH(U).
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An HIFS X̃ = {< u, µ(u), µ′(u) > |u ∈ U} is called:

i) The null HIFS, denoted by ∅̃ = {< u, µ̃(u) > |u ∈ U}, if
µ̃(u) = (µ(u), µ′(u)) = ({0}, {1}).

ii) The universal HIFS, denoted by 1̃ = {< u, µ̃(u) > |u ∈ U},
if µ̃(u) = (µ(u), µ′(u)) = ({1}, {0}).
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The operations of HIFEs

Definition

Let µ̃i (u) = (µi (u), µ′i (u)) be HIFEs with

µ1(u) = {α1, . . . , αm|αi ∈ [0, 1]}, µ′1(u) = {α′
1, . . . , α

′
n|α′

i ∈ [0, 1]}.

µ2(u) = {β1, . . . , βp|βi ∈ [0, 1]}, µ′2(u) = {β′1, . . . , β′q|β′i ∈ [0, 1]}.

We define the following HIFE operations:

i) µ̃c(u) = (µ′(u), µ(u))

ii) µ̃1(u) ∪ µ̃2(u) =(
∪αi∈µ1(u)
βj∈µ2(u)

{max{αi , βj}},∪α′
i∈µ

′
1(u)

β′
j∈µ

′
2(u)

{min{α′
i , β

′
j}}
)

.

iii) µ̃1(u) ∩ µ̃2(u) =(
∪αi∈µ1(u)
βj∈µ2(u)

{min{αi , βj}},∪α′
i∈µ

′
1(u)

β′
j∈µ

′
2(u)

{max{α′
i , β

′
j}}
)

.
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The operations of HIFSs (Nazra et. al, 2018)

Definition

Given two HIFSs X̃ = {< u, µ̃(u) > |u ∈ U},
Ỹ = {< u, ν̃(u) > |u ∈ U} on U.
We define the following operations

i) X̃c = {< u, µ̃c(u) > |u ∈ U}.
ii) X̃ ∪ Ỹ = {< u, µ̃(u) ∪ ν̃(u) > |u ∈ U}.
iii) X̃ ∩ Ỹ = {< u, µ̃(u) ∩ ν̃(u) > |u ∈ U}.
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The Properties of HIFEs (Nazra et. al, 2018)

Proposition

Let µ̃i be HIFEs. Then the following hold.

i) (µ̃ci (u))c = µi (u).

ii) µ̃1(u) ∪ µ̃2(u) = µ̃2(u) ∪ µ̃1(u).

iii) µ̃1(u) ∩ µ̃2(u) = µ̃2(u) ∩ µ̃1(u).

iv) (µ̃1(u) ∪ µ̃2(u))c = µ̃c1(u) ∩ µ̃c2(u).

v) (µ̃1(u) ∩ µ̃2(u))c = µ̃c1(u) ∪ µ̃c2(u).

vi) µ̃1(u) ∩ (µ̃2(u) ∩ µ̃3(u)) = (µ̃1(u) ∩ µ̃2(u)) ∩ µ̃3(u).

vii) µ̃1(u) ∪ (µ̃2(u) ∪ µ̃3(u)) = (µ̃1(u) ∪ µ̃2(u)) ∪ µ̃3(u).

viii) µ̃1(u) ∪ (µ̃2(u) ∩ µ̃3(u)) = (µ̃1(u) ∪ µ̃2(u)) ∩ (µ̃1(u) ∪ µ̃3(u)).

ix) µ̃1(u) ∩ (µ̃2(u) ∪ µ̃3(u)) = (µ̃1(u) ∩ µ̃2(u)) ∪ (µ̃1(u) ∩ µ̃3(u)).
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The Properties of HIFSs (Nazra et. al, 2018)

Proposition

Let X̃ , Ỹ , Z̃ be HIFSs on U.

i) (X̃ c)c = X̃ .

ii) X̃ ∪ Ỹ = Ỹ ∪ X̃ .

iii) X̃ ∩ Ỹ = Ỹ ∩ X̃ .

iv) (X̃ ∪ Ỹ )c = X̃ c ∩ Ỹ c .

v) (X̃ ∩ Ỹ )c = X̃ c ∪ Ỹ c .

vi) X̃ ∪ (Ỹ ∩ Z̃ ) = (X̃ ∪ Ỹ ) ∩ (X̃ ∪ Z̃ ).

vii) X̃ ∩ (Ỹ ∪ Z̃ ) = (X̃ ∩ Ỹ ) ∪ (X̃ ∩ Z̃ ).
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Generalized Hesitant Intuitionistic Fuzzy Soft Set
(GHIFSS) (Nazra et. al, 2018)

Definition

Given ĨH(U) the collection of all HIFSs on U,

F̃ : E → ĨH(U) and α fuzzy set on E .
A pair (F̃α,E) is called a GHIFSS over U, where

F̃α : E → ĨH(U)× [0, 1],
F̃α(e) = (F̃ (e), α(e)) = ({(u, µe(u), µ′e(u))|u ∈ U}, α(e))

∈ ĨH(U)× [0, 1] and
(F̃α,E) = {< e, F̃ (e), α(e) >}.

Definition

The complement of an GHIFSS (F̃α,E) is defined as
(F̃α,E)c = {< e, F̃c(e), αc(e) >}.
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The operations of GHIFSSs (Nazra et. al, 2018)

Definition

Given two GHIFSSs (F̃α,A) and (G̃β,B) over U. We define two
operations on such GHIFSSs as follows:

(1) (F̃α,A) ∧ (G̃β,B) := (T̃γ ,A× B)

T̃γ : A× B → ĨH(U)× [0, 1] and
γ : A× B → [0, 1] which are defined by
T̃ (a, b) := F̃ (a) ∩ G̃ (b),
γ(a, b) = α(a) � β(b).

(2) (F̃α,A) ∨ (G̃β,B) := (Ñψ,A× B),

Ñψ : A× B → ĨH(U)× [0, 1] and
ψ : A× B → [0, 1] which are defined by
Ñ(a, b) := F̃ (a) ∪ G̃ (b),
ψ(a, b) = α(a) ? β(b).
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The properties of GHIFSSs (Nazra et. al, 2018)

Theorem

Given two GHIFSSs (F̃α,A) and (G̃β,B) over U. Then the
following De Morgan’s laws hold.

i) ((F̃α,A) ∧ (G̃β,B))c = (F̃α,A)c ∨ (G̃β,B)c

ii) ((F̃α,A) ∨ (G̃β,B))c = (F̃α,A)c ∧ (G̃β,B)c

Proof.

By using the previous definition on GHIFSSs, proposition on HIFSs
and Fuzzy sets;
i) ((F̃α,A) ∧ (G̃β,B))c = (T̃γ ,A× B)c .
T̃ c(a, b) = (F̃ (a) ∩ G̃ (b))c = F̃ (a)c ∪ G̃ c(b) = Ñ(a, b), and
γc(a, b) = (α(a) � β(b))c = αc(a) ? βc(b) = ψ(a, b).
where (Ñψ,A× B) = {(e, Ñ(e), ψ(e))} = (F̃α,A)c ∨ (G̃β,B)c .
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The properties of GHIFSSs-cont (Nazra et. al, 2018)

Theorem

Given three GHIFSSs (F̃α,A), (K̃β,B) and (G̃γ ,C ) over U. Then
the following assosiative law holds:

i) (F̃α,A) ∧ ((K̃β,B) ∧ (G̃γ ,C )) = ((F̃α,A) ∧ (K̃β,B)) ∧ (G̃γ ,C )

ii) (F̃α,A) ∨ ((K̃β,B) ∨ (G̃γ ,C )) = ((F̃α,A) ∨ (K̃β,B)) ∨ (G̃γ ,C )

Proof.

The proof of this theorem follows from the previous definition on
GHIFSSs, proposition on HIFSs and Fuzzy sets.
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The properties of IHFSSs-cont (Nazra et. al, 2018)

Note that the distributive law of GHIFSS does not hold because
A× (B × C ) 6= (A× B)× (A× C ).

(F̃α,A) ∧ ((K̃β,B) ∨ (G̃γ ,C )) 6=
((F̃α,A) ∧ (K̃β,B)) ∨ ((F̃α,A) ∧ (G̃γ ,C )),

(F̃α,A) ∨ ((K̃β,B) ∧ (G̃γ ,C )) 6=
((F̃α,A) ∨ (K̃β,B)) ∧ ((F̃α,A) ∨ (G̃γ ,C )).
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The operations of GHIFSSs-cont (Nazra et. al, 2018)

Definition

Given two GHIFSSs (F̃α,A) and (G̃β,B) over U.
The Union of (F̃α,A) and (G̃β,B), denoted by
(F̃α,A)∪̂(G̃β,B) =: (J̃γ ,C) is an GHIFSS,
where C = A ∪ B, and ∀ c ∈ C ,

J̃(c) = F̃ (c), if c ∈ A− B,

= G̃ (c), if c ∈ B − A

= F̃ (c) ∪ G̃ (c), if c ∈ A ∩ B.

γ(c) = α(c), if c ∈ A− B,

= β(c), if c ∈ B − A

= α(c) ? β(c), if c ∈ A ∩ B.
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The operations of GHIFSSs-cont (Nazra et. al, 2018)

Definition

The Intersection of (F̃α,A) and (G̃β,B), denoted by
(F̃α,A)∩̂(G̃β,B) =: (J̃γ ,C) is an GHIFSS,
where C = A ∩ B 6= ∅, and ∀ c ∈ C ,
J̃(c) = F̃ (c) ∩ G̃ (c) and γ(c) = α(c) � β(c).

Definition

A GHIFSS (F̃α,A) = {< e, F̃ (e), α(e) >} is called:

i) The null GHIFSS, denoted by (∅̃∅,A), if F̃ (e) := ∅̃,
α(e) := 0.

ii) The universal GHIFSS, denoted by (1̃1,A), if F̃ (e) := 1̃,
α(e) := 1.
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(Nazra et. al, 2018)

Note that if A 6= B then the De Morgan’s law is not satisfied for
the union and the intersection of GHIFSSs.

Theorem

Given two GHIFSSs over U, (F̃α,A) and (G̃β,A). Then

i) ((F̃ ,A)∪̂(G̃β,B))c = (F̃α,A)c ∩̂(G̃β,A)c

ii) ((F̃ ,A)∩̂(G̃β,B))c = (F̃α,A)c ∪̂(G̃β,A)c .

Theorem

Given G̃H the collection of all GHIFSSs over U, then the following
holds

G̃H is closed over operations ∩̂ and ∪̂
G̃H satisfies the associative law over operations ∩̂ and ∪̂
there are GHIFSSs (1̃1,A) and (∅̃∅,A) such that
(F̃α,A)∩̂(1̃1,A) = (F̃α,A) and (F̃α,A)∪̂(∅̃∅,A) = (F̃α,A)
∀(F̃α,A) ∈ G̃H.
Therefore, G̃H is a monoid (semigroup with the identity
element) over binary operations ∩̂ and ∪̂.
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Fuzzy Sets and Open Problems

Fuzzy soft sets (FSS)
Intuitionistic FSS
Hesitant FSS
Interval-valued FSS
Interval-valued Intuitionistic FSS
Interval-valued Hesitant FSS
Interval-valued Intuitionistic Hesitant FSS
Entropy of FSS
Correlation of .....
Similarity of ....
Fuzzy N-Soft Sets (FNSS)
.......FNSS
..
Hesitant N-soft graphs,
Hesitant N-soft hypergraphs,
Hesitant Pythagorean fuzzy graphs
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THANK YOU
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